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Abstract

The second time derivative Ï of the N-body moment of inertia I = Σm|x|² can be written in terms of the kinetic and

potential energies (the Lagrange-Jacobi identity).This paper counts that identity and the motion of three bodies

under D-dimensional gravity, where the force falls off as the (D−1)-th power of r because the field spreads over 4πr²

in three dimensions and 2π²r³ in four.No new theorem or law is claimed. First, Ï = 4E + 2(D−4)V, and only in four

dimensions does the potential term drop out——Ï built from the force function and 4E + 2(D−4)V built from the

potential function agreed within a relative difference of ×10⁻¹⁶ for 20 random states each at D = 3, 4 and 5

(Section 2). Second, the energy of the spinning triangle changes sign in four dimensions——spinning three equal

masses on an equilateral triangle of side 1 gives the energy 3(D−4)/(2(D−2)):  in three dimensions,  in

four,  in five and  in eight (Section 3). Third, and this is the core. The moment of inertia of three

bodies in four dimensions follows a parabola in time exactly——slowing the spinning triangle to  times its speed

gives the energy , and the time at which I falls to  percent of its initial value, , agrees

with the parabola’s prediction in every digit. The integration stops at , just before the root ,

where I also agrees with the parabola at ×10⁻⁴ (Section 4). Fourth, three bodies with negative energy stop

by collision before the root of the parabola——five random three-body systems in four dimensions kept I within a

relative difference of ×10⁻¹² of the parabola while two bodies closed to a distance of 10⁻³ at  to

 times the root (Section 5). Fifth, the triangle in three dimensions keeps spinning at negative energy——

the three-dimensional triangle has energy , and by the four-dimensional rule I would reach  at

, yet I stayed constant within ×10⁻¹² over two turns of period  (Section 6). Sixth, the

separator is whether the force exponent n = D−1 equals 3——the coefficient of the potential energy is 2(n−3) and the

energy of the spinning triangle is proportional to n−3, both vanishing at n = 3 (Section 7). Keywords: Lagrange-Jacobi

identity, three-body problem, moment of inertia, Lagrange equilateral solution, dimension of space, inverse-cube force.



Scope of this paper (scope note): No new theorem or law is claimed——the Lagrange-Jacobi identity (Jacobi), the

virial theorem, Lagrange’s equilateral solution (1772), the fact that gravity in D dimensions falls off as the (D−1)-th

power of r, and the marginality of circular orbits under an inverse-cube force are all known.No claim is made about an

actual four-dimensional world——D is only varied to count equations and motions; no claim is made that a world with

four-dimensional gravity exists.What happens after a collision is not treated——integration stops when two bodies

close to 10⁻³, when I falls to 1 percent of its initial value, or when the integrator halts at its step limit; regularization of

collisions and motion after them are not treated.Kinds of singularity are not distinguished——total collapse and

earlier binary collisions are counted only by the single fact that motion stops before the root of the parabola. Whether

non-collision singularities exist is not treated.The conditions for the triangle to keep its shape are not discussed——the

spinning triangle was turned for two periods only, and the conditions under which its shape is kept are not treated.

Why the change of I in five dimensions is larger than in three was not examined either.The masses are limited——the

triangle uses equal masses only, and only five random three-body cases were counted.Relation to earlier papers: the

scope note of Paper 490 said that it builds no celestial mechanics and looks only inside the circular restricted three-

body problem; this paper sits in the seat outside it, a three-body problem in which all three masses act (no earlier

occupant).Paper 01 showed n = 2 in three dimensions and Paper 08 showed n = 3 in four dimensions as the unique

exponents at which the mass of a spherical shell grows uniformly——here it is counted that the same n = D−1 enters

the three-body moment of inertia as the exponent of the gravitational force, and that the potential term drops out at n

= 3.Paper 116 showed that the 3 in c³ of the Planck length is a weight of time, and that the dimension of space is found

in the denominator 1/n (n = d−1)——here it is counted that the same n fixes the coefficient 2(n−3) of the potential

energy.Paper 56 stated that d = 3 is the only dimension where flux conservation agrees with orbital stability——here it

is counted that one dimension higher, in four, the triangle spinning with its shape kept has zero energy.What is added is

building the identity separately from the force function and the potential function and checking it in three dimensions

of space, showing in six dimensions that the triangle’s energy is 3(D−4)/(2(D−2)) with the sign change at four,

confirming by integration that in four dimensions I follows the parabola and collapses at the predicted time, counting

in five cases that random three-body systems stop by collision before the root, and showing that the four-dimensional

rule fails for the triangle in three and five dimensions.

1. Notation and the Question

Setting: three bodies of mass  are placed in -dimensional space. The field spreads over the unit sphere of area

 (  in three dimensions,  in four), so the force between two bodies has magnitude  and the

potential energy is .The centre of mass is at the origin and the moment of inertia is

.



The potential energy  is homogeneous of degree  in , so , and with 

one obtains:

Question: in the dimension where the potential energy drops out of this identity, what happens to the motion of three

bodies, and how does it differ from other dimensions?

2. The Identity

Computation 2.1: 20 sets of masses between  and  and random positions and velocities were made for each ,

and  built numerically from the force function was compared with  built from the potential

function.

force coefficient of , largest relative difference

Observation 2.2

only in four dimensions does the potential term drop out, leaving .In three dimensions ,

and  pushes  up; in five dimensions , which pushes it down——in four dimensions

 holds exactly until a collision. If  the parabola eventually goes below , so the

motion must stop before that.

3. The Spinning Triangle

Computation 3.1: three bodies of equal mass  were placed on an equilateral triangle of side  and spun at the speed

where the inward force  balances the centrifugal force (the angular speed is  in every ).



energy 

Observation 3.2

the energy of the spinning triangle changes sign in four dimensions.The kinetic energy is 

and the potential energy , and their sum is proportional to ——the triangle is

bound in three dimensions, has exactly  in four, and spins with positive energy in five or more.

4. Changing the Speed in Four Dimensions

Computation 4.1: the four-dimensional triangle was integrated at ,  and  times its speed (DOP853, relative

tolerance ).

speed what was seen difference from 

 times  at 

 times time  for  to fall to  percent of 

 times  at 



Observation 4.2

this is the core. The moment of inertia of three bodies in four dimensions follows a parabola in time

exactly.At  times the speed, the time for  to fall to  percent of  is , agreeing in every

digit with the parabola’s prediction ——run without stopping, the integrator halts 

before the root , at , when its step becomes smaller than the spacing of double-

precision numbers, and the  there also agrees with the parabola’s value

. The triangle collapses toward its centre when it is only slightly too slow, and flies apart

when slightly too fast.

5. Random Three Bodies in Four Dimensions

Computation 5.1: three bodies with random masses, positions and velocities were placed in four dimensions, five

cases with  were chosen, and integration was stopped when two bodies closed to a distance of .

case root of parabola stopping time largest relative difference of 

Observation 5.2

three bodies with negative energy stop by collision before the root of the parabola.The ratios of the stopping

time to the root were , , ,  and , all less than ——since I

cannot be negative, the root of the parabola gives an upper bound on when the motion stops. In all five

cases, the stopping point was where two bodies closed to a distance of 10⁻³.



6. The Triangle in Three and Five Dimensions

Computation 6.1: a triangle of side  was spun for two periods in three and in five dimensions (the period is

 in both).

largest change of  over two periods  after two periods by the four-dimensional rule

Observation 6.2

the triangle in three dimensions keeps spinning at negative energy.By the four-dimensional rule  would

reach  at , yet the three-dimensional triangle kept  constant over two turns of period

——in three dimensions  pushes  up and cancels ; in five dimensions  pushes it down

and cancels a positive . Both give , not a parabola. The change  of  in five dimensions

is larger than the  in three dimensions, but stayed within  over two periods.

7. The Separator and What Is Not Said

Observation 7.1

the separator is whether the force exponent n = D−1 equals 3.Writing the force exponent as , the

coefficient of the potential energy in the identity is  and the energy of the spinning triangle is

, both vanishing at ——at  in three dimensions the potential term remains,

so a triangle with negative energy can keep  constant. At  in four dimensions the bending  of  is set

by the energy alone.



Observation 7.2

what is not said.No claim is made that a world with four-dimensional gravity exists. Motion after collisions,

regularization of collisions, and whether non-collision singularities exist are not treated——the conditions

under which the spinning triangle keeps its shape are not treated either. The relation to  goes only as

far as the area over which the field spreads fixing the force exponent; no further numerical coincidence is

claimed.

8. Census and Closing

1.  within a relative difference of  (Computation 2.1): force and potential built

separately agree.

2. triangle energies , ,  (Computation 3.1): the sign changes at four dimensions.

3. energy  at  times the speed (Computation 4.1): the four-dimensional triangle collapses when

slightly slow.

4. collapse time  agreeing with the prediction in every digit (Observation 4.2): the core.

5.  at , before the root  (Observation 4.2): a parabola until just before

stopping.

6. five random cases stopping at  to  times the root (Observation 5.2): the root bounds the

stopping time.

7. the three-dimensional triangle turning twice past  (Observation 6.2): the four-dimensional rule

fails.

8. period  (Computation 6.1):  in three and in five dimensions.

9.  at  at  times the speed (Computation 4.1): with positive energy it follows the parabola

outward.

10. whether the force exponent  equals  (Observation 7.1): the separator; Papers 490, 01, 08, 116, 56.

Closing: The three-body moment of inertia is a parabola only in four dimensions, where the spinning triangle has

zero energy.In D-dimensional gravity Ï = 4E + 2(D−4)V holds, and building it separately from the force function and

the potential function gave agreement within a relative difference of ×10⁻¹⁶——the energy of the spinning

triangle is 3(D−4)/(2(D−2)): negative in three dimensions,  in four and positive in five or more.Slowing the four-

dimensional triangle to  times its speed, the time  at which I falls to  percent of its initial value

agreed with the parabola in every digit, and five random three-body systems reached collision at  to

 times the root——the triangle in three dimensions keeps I constant and turns on at negative energy.The



separator is whether the force exponent n = D−1 equals 3.Placed among the earlier papers——Paper 01 and Paper

08 showed n = 2 in three dimensions and n = 3 in four as the exponents at which a shell’s mass grows uniformly,

Paper 116 showed that the dimension of space is found in the denominator 1/n (n = d−1), and Paper 56 showed that d

= 3 is the only dimension where flux conservation agrees with orbital stability. Here it was counted that the same n

decides the dimension in which the potential drops out of the three-body moment of inertia, and that in four

dimensions the bending of I is set by the energy alone.To be honest——no claim is made that a world with four-

dimensional gravity exists, and motion after collisions, non-collision singularities and the conditions under which the

triangle keeps its shape are not treated. The three-body systems checked numerically are only the equal-mass

triangle and five random cases.
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