
Neutrino Oscillation Fixes Only the Differences of the Squared Masses, Not
the Masses Themselves

— Shifting every squared mass by the same amount leaves every probability unmoved and moves only the shape

of the endpoint — the separator is whether one measures oscillation or the β-decay endpoint — [Paper 1071]

Yuuki YAMAGISHI (山岸 勇輝)

Yamagishi Complexity Torus Lab, Japan

September 2026

From thinking to syncing.

Abstract

A neutrino changes its type while it flies.The formula for that probability contains only differences of squared

masses, never the masses themselves.This paper counts that “differences only” with three-flavour mixing and shows

that the quantity answering to the absolute scale instead is the shape of the β-decay endpoint.No new theorem or law

is claimed. First, and this is the core of the paper: shifting every squared mass by the same amount leaves the

oscillation probabilities unmoved. Over both orderings and four phases, with the lightest mass moved from 0 to 0.45

eV, what remains in double precision never exceeds  times the rounding size of the phase, and at 60 digits

it is ×10⁻⁶². Meanwhile the mass sum moves from  eV to  eV. Second, the endpoint takes

the same shift exactly as it is: the square of the effective mass read at the endpoint moves by exactly the size of the

shift (discrepancy ×10⁻¹⁷), and the deficit of electrons within 1 eV of the endpoint moves from ×10⁻⁴

to ×10⁻¹. Third, the 4 in the denominator of the phase is a product of 2 and 2. One half comes from

expanding the energy and one half from the half-angle; the formula with 4 agrees with the probability computed

directly from the amplitude to ×10⁻¹⁵, while mistaking it for 2 or 8 misses by ×10⁻¹. Fourth, the practical

coefficient moves with the units and the 4 does not: the coefficient  moves by a factor 10⁶ across five sets of

units, while the denominator recovered from it is  every time. Fifth, the 4π of the oscillation

length is not a solid angle. When the spatial dimension is moved from 1 to 5, the area of the unit sphere moves from

 to , while the coefficient of the oscillation length stays at . The two are the

same number only in three dimensions. Sixth, the differences fix only a floor: the mass sum is at least  eV

for the normal ordering and  eV for the inverted one, and the direct-measurement bound of 0.45 eV lies

 and  times above the smallest effective mass. Stated plainly, “does not fix” is exact as a formula only

within the approximation that expands the energy around the momentum. In the unexpanded formula the shift

leaks very slightly ( ×10⁻¹⁷ in a reactor-type setting). Keywords: neutrino oscillation, squared-mass difference,

mixing matrix, β-decay endpoint, effective mass, common phase, beats, separator.

— —



Scope of this paper (scope note): No new theorem or law is claimed: the oscillation probability formula, the three-

flavour mixing matrix, the vanishing of a common phase from probabilities, and the response of the β-decay endpoint

to mass are all standard. Squared masses are not read as areas: the square entering the oscillation formula is, in

natural units, an energy squared and carries no dimension of area. No special value is placed on the mass: every value

used is a measured one. Matter effects are not included; only oscillation in vacuum is treated. Wave packets, and the

choice between equal momentum and equal energy, are not entered. When the unexpanded formula is measured,

states are compared at equal momentum. No fourth type is added; only three-flavour mixing is treated. Majorana

versus Dirac is not discussed; double β decay is not treated either. No bound from cosmological observation is cited:

the sources have not been checked, so no value for an upper bound on the mass sum is written. The CP phase is not

fixed. Four values are measured, and the conclusion is checked to be the same for each. Nothing is called one root: the

one half of kinetic energy and the one half of oscillation are two limits of one formula and, by the rule of an earlier

census, are not called one root. Relation to earlier papers: Paper 913 showed that the one half of kinetic energy is the

reciprocal of the power 2; here the one half of oscillation is counted as coming from the same formula with momentum

and mass exchanged. Paper 600 counted that calling two consequences of one formula one root is no judgement at all.

Following that rule, the two halves are not called one root. Paper 1060 showed that in a system with only one scale

factor the ratio is determined but the position is not. Here too something is fixed and something is not, but the freedom

differs: there it is multiplicative, here additive. Paper 60, in its second edition, wrote that a chosen 4π for mass and the

4π of solid angle are different in nature; here the 4π of the oscillation length is added to the comparison and separated

from solid angle by moving the dimension. Paper 1055, Paper 1056 and Paper 1058 separated numbers that move with

the units from numbers that do not; here the practical coefficient is of the first kind and the denominator 4 of the

second. Paper 672 and Paper 649 treated beats between two frequencies. Here the same rewriting is seen to lead to

different conclusions depending on what is measured. Paper 300 showed that whether two things share a root is

decidable. By that criterion, the 4π of the oscillation length and solid angle are judged to have different roots. What is

added is: measuring with three flavours that shifting every square by the same amount leaves the probabilities

unmoved, showing that the effective mass at the endpoint takes that same shift exactly, splitting the 4 of the phase into

two halves, setting side by side that the coefficient moves with the units while the 4 does not, separating the 4π of the

oscillation length from solid angle by the dimension, and measuring the size of the leak in the unexpanded formula.

1. The question and the shape of the answer

Neutrinos are born in three flavours, electron, muon and tau, and change into another flavour as they fly.This is

neutrino oscillation, confirmed since the observation of atmospheric neutrinos (Fukuda et al. 1998).The idea of

mixing itself goes back to Maki, Nakagawa and Sakata (1962) and to Pontecorvo (1968).

For two flavours, the transition probability is written in practical form as



(with  in eV ,  in km,  in GeV).The formula contains only the difference of squared masses , not the

masses themselves.

This paper checks that “differences only” numerically.It measures with three-flavour mixing that shifting every

squared mass by the same amount leaves the probabilities unmoved, and shows that the quantity answering to the

absolute scale instead is the shape of the β-decay endpoint.Along the way it separates the origins of the 1.267 and the

denominator 4 in the practical formula, and of the 4π in the oscillation length.

The inputs are as follows.Mixing angles and squared-mass differences are taken from the PDG 2024 listings (Navas

et al.), and the direct-measurement bound from KATRIN 2025 (Aker et al.).The  used for conversion is built from

the SI defining values ( , , ) and comes to  MeV fm.The CP phase  is not fixed; four values, , , 

and , are measured.

quantity value

 eV

 (normal ordering)  eV

 (inverted ordering)  eV

 (normal),  (inverted)

direct-measurement bound  eV (90 percent), best fit  eV

2. The 4 of the phase is a product of 2 and 2

A particle of momentum  and mass  has energy .For two mass eigenstates compared at equal

momentum, the energy difference is written exactly by the identity

The difference of squares appears in it as it stands.

The first one half comes from the denominator  being nearly .Expanding,  approaches ,

and the ratio  approaches 1 as in the table below.The gap to 1 shrinks in the form .



 (same value of ) ratio

10 0.997512422417805 0.997512422417805

100 0.999975001249922 0.999975001249922

1000 0.999999750000125 0.999999750000125

10000 0.999999997500000 0.999999997500000

1000000 0.999999999999750 0.999999999999750

The second and third columns do not differ in a single digit (largest difference ).The third column has the

kinetic-energy form , and exchanging the roles of momentum and mass turns it into the formula of

the second column.Paper 913 showed that the one half of kinetic energy is the reciprocal of the power 2; the one half

of oscillation here is that same formula expanded at the opposite end.Being two limits of one formula, they are not

called one root (the rule of Paper 600).

The second one half comes from the probability being the square of an amplitude.The interference term of two states

is half of , which the half-angle identity turns into  (largest discrepancy ).

Multiplying the two, the phase becomes .Compared with the probability computed directly from the

amplitude , the formula with denominator 4 agrees to , while formulas with the

denominator mistaken for 2 or 8 miss by .The setting is  eV ,  GeV,

, and  from 1 to 3000 km.

3. The practical coefficient moves with the units, and the 4 does not

The practical coefficient is the natural-unit  multiplied by a unit conversion.Because the conversion contains ,

the coefficient moves by whole orders of magnitude when the units change.Taking  and the conversion back out

and recovering the denominator, 4 returns in every set of units.



units ( , , ) coefficient recovered denominator

eV , km, GeV

eV , m, MeV

eV , km, MeV

eV , m, eV

eV , cm, keV

natural units ( ) —

The ratio of the largest to the smallest coefficient is , and the 4 never moves.Even from the rounded 1.267

the recovered denominator is , staying near 4.Paper 1055 showed that the digits of the speed of light are set

by the choice of units, and Paper 1056 that the fine-structure constant does not move with the units; here both kinds

live inside one formula.The 1.266933 is a number set by the units; the 4 is a number set by the structure.

4. The 4π of the oscillation length is not a solid angle

The distance over which the probability completes one cycle (the oscillation length) is  in natural units

and  km  in practical units.With  eV  and  GeV,

bisecting for the distance at which the unexpanded phase reaches  gives  km, and the coefficient

recovered from it was .

This 4π breaks down into the 2 of the expansion, the 2 of the half-angle, and the period  of .Nowhere does “all

directions” enter.

To check this, the spatial dimension  is moved.The flux from a point source thins by division by the area of the unit

sphere .The oscillation phase, by contrast, is set by the magnitude of the momentum alone.Taking the

momentum in a random direction in  dimensions and measuring the coefficient gives the following.



area of unit sphere coefficient of oscillation length

1

2

3

4

5

The area of the unit sphere moves by a factor  between largest and smallest, while the coefficient of the

oscillation length does not move.The two are the same number only in three dimensions.Since moving the dimension

moves only one of them, by the criterion of Paper 300 they have different roots.Paper 60, in its second edition, wrote

that a chosen 4π for mass and the 4π of solid angle differ in nature; the 4π of the oscillation length likewise has an

origin other than solid angle.

5. Shifting every square by the same amount leaves the probabilities unmoved

With three flavours, the amplitude for a transition such as muon type to tau type is written

(  is the mixing matrix, in the form with the energy expanded around the momentum).Adding the same  to every

 multiplies every term by the same factor .A common factor vanishes when the absolute square is taken,

so the probabilities do not change.

This was measured.The departure of the mixing matrix from unitarity is at most .With  at 500

points from 10 to  km/GeV, nine transitions and four phases, the largest movement of the probabilities when the

lightest mass is moved is as follows.



ordering, lightest mass probability movement largest phase its rounding mass sum effective mass

normal, 0 eV

normal, 0.01 eV

normal, 0.05 eV

normal, 0.10 eV

normal, 0.45 eV

inverted, 0 eV

inverted, 0.01 eV

inverted, 0.05 eV

inverted, 0.10 eV

inverted, 0.45 eV

The movement of the probabilities looks larger as the lightest mass grows.But that is because the phase grows and

with it the double-precision rounding; dividing the movement by the rounding size gives at most 

.Meanwhile the mass sum moves from  eV to  eV in the normal ordering.The effective mass

(Section 8) moves from  eV to  eV.

Two controls are set.Multiplying every square by  instead of adding moves the probabilities by up to 

.Shifting only the third square by  eV  moves them by .Nothing moves only when the same amount is

added to all.With two flavours, reversing the sign of the difference does not move the probability either (largest

difference ).



Figure 1. Muon-type survival probability (normal ordering, phase 0). The lines with the lightest mass at 0 eV and at 0.1 eV lie on top

of each other and look like one. As a control, shifting only the third square by  eV  moves the positions of the dips.

So far this is the form with the energy expanded around the momentum.Keeping the unexpanded ,

the shift is no longer a common factor and leaks very slightly into the probability.The electron-type survival

probability was computed to 60 digits and the difference between lightest masses 0 and 0.1 eV was taken.

setting unexpanded formula expanded formula

reactor type (3 MeV, 50 km)

atmospheric type (1 GeV, 1000 km)

In the expanded formula, the difference vanishes down to the rounding size of 60 digits.In the unexpanded formula

it is not zero, but even in the reactor type it is of order .“Oscillation does not fix the masses themselves” is exact

within the expanded formula and lies far below any measurable precision in the unexpanded one.

6. How this differs from acoustic beats

Superposing two frequencies produces beats.Paper 672 treated two tones versus one wavering tone from the

listener’s side, and Paper 649 the beat between two tidal constituents.Neutrino oscillation is also a beat, between

mass eigenstates.But the response to a common shift differs.



Superpose 440 Hz and 443 Hz and raise both by 100 Hz.The waveform reaching the ear (the real part) moves by up

to , and the average pitch heard rises from  Hz to  Hz.The beat stays at  Hz.The absolute

square of the same two complex waves moves by at most , the size of double-precision rounding.

In sound, the average pitch is heard.In a probability, the average survives nowhere in the formula.The interference

term of two waves is only , and the average  does not appear.The rewriting of sums into products is

the same, but whether the shift is visible depends on whether what is measured is the real part or the absolute

square.

7. The floor set by the differences

Knowing only the differences still fixes a floor.Setting the lightest mass to 0, the other two are fixed by square roots

of the differences.

ordering sum effective mass

normal ( ) 0

inverted ( ) 0

The unit is eV.In the normal ordering  is exactly the square root of , and the inverted ordering has the

larger sum.The direct-measurement bound of 0.45 eV lies  times (normal) and  times (inverted) above the

smallest effective mass.The effective mass reaches exactly 0.45 eV when the lightest mass is  eV (normal,

sum  eV) or  eV (inverted, sum  eV).The differences fix the bottom but not the top.

8. What answers to the absolute scale is the shape of the endpoint

The electrons emitted in the β decay of tritium run out at an upper end, the endpoint.Near the endpoint, with  the

energy measured from the endpoint, the number of electrons takes the form

(the form of Fermi (1934), with factors that vary slowly near the endpoint set constant).Here the squared masses

themselves appear.

The number within  of the endpoint has the closed form .With  eV and 

eV, numerical integration and the closed form agree at .The deficit relative to zero mass is as follows

(  eV).



ordering, lightest mass effective mass deficit (three masses) deficit (one effective mass)

normal, 0 eV

inverted, 0 eV

normal, 0.05 eV

normal, 0.10 eV

normal, 0.45 eV

The deficit computed with the three masses and that computed with the single effective mass 

differ by at most  in relative terms.The endpoint reads this one weighted mean.

Now apply the shift of Section 5.Adding  to every  moves  by .Since the squares along one row of

the mixing matrix sum to 1, the movement is exactly  (largest discrepancy ).The common constant

that oscillation throws away, the endpoint takes as it is.

Figure 2. Number of electrons near the endpoint (ratio to zero mass). On the line with a small effective mass, steps appear at the

threshold of each of the three masses. The larger the effective mass, the farther from the endpoint the deficit spreads.

The direct measurement (KATRIN 2025) also takes the squared mass itself as its fit variable.The best fit

 eV  came out negative through statistical fluctuation, and the bound of 0.45 eV is derived from it.This

contrasts with oscillation measurements, which fit differences.



9. The separator: whether one measures oscillation or the endpoint

Applying the same shift , the two ways of measuring are set side by side (normal ordering).

lightest mass shift  (eV ) movement of oscillation probability endpoint deficit (  eV)

0 eV

0.01 eV

0.05 eV

0.10 eV

0.45 eV

The oscillation column stays within double-precision rounding, while the endpoint column moves by three orders of

magnitude or more.Oscillation sees differences of squares and does not see a common constant.The endpoint sees a

weighted mean of squares and takes the common constant exactly.The separator is whether one measures oscillation

or the β-decay endpoint.

10. Relation to earlier papers

Paper 913 showed that the one half of kinetic energy is the reciprocal of the power 2. Here the one half of oscillation

was counted as coming from the same formula with momentum and mass exchanged (Section 2).

Paper 600 counted that calling two consequences of one formula one root is no judgement at all. Following that rule,

the two halves are not called one root.

Paper 1060 showed that in a system with only one scale factor the ratio is determined but the position is not. Here

too something is fixed and something is not. But the freedom there is a multiplicative factor, and the freedom here is

an additive shift. In Section 5, making the shift multiplicative moved the probabilities by , so the two are

not called one root.

Paper 60, in its second edition, wrote that a chosen 4π for mass and the 4π of solid angle differ in nature. Here the 4π

of the oscillation length was added to the comparison and separated from solid angle by moving the dimension

(Section 4).

Paper 1055, Paper 1056 and Paper 1058 separated numbers that move with the units from numbers that do not, and

showed that exactness comes in kinds. Here the practical coefficient  lies on the side that moves with the

units, and the denominator 4 on the side that does not (Section 3).



Paper 672 and Paper 649 treated beats between two frequencies. Here the same rewriting was seen to separate the

visibility of a shift according to whether the real part is heard or the absolute square is measured (Section 6).

Paper 300 showed that whether two things share a root is decidable. By that criterion, the 4π of the oscillation length

and solid angle were judged to have different roots.

Closing

Closing: neutrino oscillation fixes only the differences of the squared masses, not the masses themselves.Shifting

every square by the same amount leaves the probabilities unmoved: what remains in double precision is at most

 times the rounding of the phase, at 60 digits ×10⁻⁶², while the mass sum moves from  eV

to  eV.The endpoint takes the same shift as it is: the square of the effective mass moves by exactly the shift

(discrepancy ×10⁻¹⁷), and the deficit within 1 eV moves from ×10⁻⁴ to ×10⁻¹.The 4 of the

phase is 2 times 2: one half from the expansion and one half from the half-angle; mistaking it misses by 

×10⁻¹.The coefficient moves with the units and the 4 does not:  moves by 10⁶, and the recovered

denominator is  every time.The 4π of the oscillation length is not a solid angle: moving the

dimension moves only the area of the unit sphere, and the two are the same number only in three dimensions.Stated

plainly, in the unexpanded formula the shift leaks by about ×10⁻¹⁷. Matter effects, wave packets and a fourth

type are not entered.The separator: whether one measures oscillation or the β-decay endpoint. Oscillation sees

differences and throws the common constant away; the endpoint sees a weighted mean and takes that constant.
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