There Are Spaces With No Points at All

— Speaking Only in Open Sets: Sobriety, Double Negation, and a Sixth Root for the Word “Point” — [Paper
155]

Yuuki YAMAGISHI (111/# 55 )
Yamagishi Complexity Torus Lab, Japan
August 2026

From thinking to syncing.

ABSTRACT

Paper 148 listed five distinct roots for the word “point” and wrote that the separator is which test object one maps in
from. This paper adds a sixth — and that sixth can have no instances at all. NO NEW MATHEMATICAL
THEOREM IS CLAIMED. First, the algebra of open sets does not satisfy excluded middle. In the Sierpinski space
with U = {1} one has =U = & and =—U = X, which is not U (computed here). On the real line, U = (0,1) U (1,2)
gives ==U = (0, 2) (Section 2). Second, and this is the core. Points cannot be recovered from the open sets. The two-
point indiscrete space has 2 points while its frame has 1 (obtained by enumerating every frame homomorphism into the
two-element frame). A three-point space with two points glued gives 2 against 3 (Section 3). Third, if the space is
sober the points come back. The Sierpinski space returns 2 against 2, and the discrete spaces agree as well. The separator
is not “space or locale” but sobriety (Section 4). Fourth, there are locales with no points at all. The points of a
complete Boolean algebra correspond to its atoms. The measure algebra of the unit interval is atomless: bisecting gives
1/2,1/4, and on to 1/1048576, always positive, never reaching a least non-zero element. So the number of points is zero
— and the algebra is still far from trivial, with a rich lattice and a measure on it (Section 5). Fifth, a sixth root for
the word “point” is thereby placed. A point of a locale is a frame homomorphism to the two-element frame. And
unlike Paper 148's five, this one can fail to exist — a non-empty scheme always has points, a non-empty locale need

not (Section 6).

Scope of this paper: NO NEW MATHEMATICAL THEOREM IS CLAIMED. Frames and locales, sobriety, Heyting
algebras, and the pointlessness of atomless complete Boolean algebras (Isbell, Johnstone) are all standard. What this paper
adds is only exhibiting the counts by enumerating every frame homomorphism on finite frames, writing that the
separator is sobriety, and extending Paper 148's census with a rung on which there may be no instances. It is not

claimed that spaces are unreal, nor that points are a fiction.



1. Notation and position

Call the lattice of open sets of a space a frame (a complete Heyting algebra), and the same object read backwards a locale.
A point of a locale is a frame homomorphism to the two-element frame {0, 1}: a map preserving bottom, top, finite meets

and all joins.

Position: Paper 153's separator was the number of maps and Paper 154's the directedness of an index. Here it is sobriety

— and the object is Paper 148's census of the word “point”, extended by one.

2. The algebra of open sets does not satisfy excluded middle

Verification 2.1: In the Sierpinski space, whose opens are &, {1} and X,

U

—U (the interior of the complement) 1%

——U X

is——U=U? no
(QED)

Observation 2.2

The same happens on the real line. For U = (0, 1) U (1, 2) the interior of the complement is (—o0, 0) U (2, 00),

and the interior of that complement is (0, 2), so the point 1 comes back.

Observation 2.3

The algebra of opens is a Heyting algebra and not a Boolean one. Double negation is not the identity — and

the difference is exactly the point one had just removed.

3. Points cannot be recovered from the open sets

Verification 3.1: Enumerating every frame homomorphism to the two-element frame, for finite frames,



space |X| opens points of the locale
two points, indiscrete 2 2 1
two points, Sierpinski 2 3 2
two points, discrete 2 4 2
three points, two glued 3 3 2
three points, discrete 3 8 3
(QED)

Observation 3.2

Observation 3.3

points that are topologically distinguishable.

4. If the space is sober, the points come back

point space. No amount of looking at open sets can tell those two spaces apart.

recovered?

no

yes

yes

no

yes

The frame of the two-point indiscrete space is the two-element frame, which is precisely the frame of a one-

“A space is a set of points with a topology” has already failed here. What the opens remember is only the

Observation 4.1

sobriety coincides with Tp, and the counts agree with that.

In the table of Verification 3.1 the Sierpinski space and the discrete spaces returned | X| exactly. For finite spaces



Observation 4.2

The separator is not “space or locale”. It is sobriety. Sobriety is the name of the condition under which
points are recoverable — and since the real line and every Hausdorff space are sober, nothing is lost in

ordinary spaces.

5. Locales with no points at all

Fact 5.1: The points of a complete Boolean algebra, that is, its frame homomorphisms to the two-element frame,

correspond bijectively to its atoms.

Verification 5.2: The measure algebra of the unit interval, the Borel sets modulo the null sets, is atomless: any element of

positive measure splits into a proper part of positive measure. Bisecting repeatedly,

steps remaining measure

1 1/2

3 1/8

10 1/1024

20 1/1048576

always positive, never reaching a least non-zero element. (QED)

Observation 5.3

With no atoms there are no points at all. And the locale is far from trivial — uncountably many elements, a

rich lattice structure, and a measure sitting on it. There is simply nothing that could be called a point.

Observation 5.4

The space of points is empty while the space itself is not. This is not a pathological construction but the

algebra probability theory uses every day.




6. A sixth root for the word “point”

Observation 6.1

name what it is

a point of the topological space a prime ideal

a closed point a maximal ideal

the generic point the ideal (0)

a geometric point a map from an algebraically closed field
a fat point a map from k[e]/(g?)

a point of a locale a frame map to the two-element frame

Observation 6.2 (what only the sixth has)

Observation 6.3

instances.

7. Conclusion

none at all (Verification 5.2). Of the six roots of one word, only this one can come out empty.

source

Paper 148

Paper 148

Paper 148

Paper 148

Paper 148

here

A non-empty scheme always has points, since a non-zero ring has a prime ideal. A non-empty locale may have

Paper 148 wrote that the separator is which test object one maps in from. Here the test object is the two-

element frame, and for some spaces there is not a single such map. The word “point” has a case with no

1. The algebra of opens does not satisfy excluded middle (Ver. 2.1). Double negation is not the identity.

2. Points cannot be recovered from the opens (Ver. 3.1): 2 against 1 for the indiscrete pair.

3. Sobriety brings them back (Obs. 4.1). That is the separator.



4. There are locales with no points at all (Ver. 5.2): the atomless measure algebra.

5. A sixth root for the word “point” is placed (Obs. 6.1).

6. Only the sixth can come out empty (Obs. 6.2).
Closing: Thinking of a space as a collection of points is a habit formed among sober spaces. Carry only the open sets
and points may or may not be recoverable, and sometimes there are none — and nothing is lost when there are none.

One can still measure, still follow inclusions, still take unions and intersections. A point was never the material a

space is made of, but a result that can sometimes be extracted from it.
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