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ABSTRACT

The definition of the Legendre symbol  asks whether the remainder of  on division by  is a square. Yet the

answer given by reciprocity is settled by the remainder of  on division by some other number. This paper measures

that other number by exhaustive search, confirms it is the discriminant, and shows that the  and the  of the two

supplements share one root. NO NEW MATHEMATICAL THEOREM IS CLAIMED — all of this is standard since

Gauss. First, the law itself was verified from the definition. Over all  pairs of odd primes below ,

 held with no failures, and so did both supplements (Section 2). Second, and this is the core.

For the primes below , the smallest  such that  depends only on  was found by exhaustive

search. For all sixteen values of  tested, that smallest  was exactly  (Section 3). Third, the separator is

.  is always a period but not always the smallest one — when  the true modulus is a

quarter of it (  rather than  for ;  rather than  for ). The modulus is not a number chosen for

convenience but one that is forced (Section 4). Fourth, the  of the first supplement and the  of the second are one

reason, not two. Both are : it is  at  and  at  and at  (measured). This corpus usually

separates roots; here it joins two that looked separate (Section 5). Fifth, the law still yields no root. At 

reciprocity settles solvability in  steps while the square root itself takes , and Tonelli–Shanks begins by finding a

non-residue. A theorem counts them; producing one is a search (Section 6).

Scope of this paper: NO NEW MATHEMATICAL THEOREM IS CLAIMED — quadratic reciprocity, the fact that

the discriminant is the conductor, and the formulation as a Dirichlet character are all standard. Nor does this paper

prove the law — what is offered is a measurement, not a proof. What is added is measuring the smallest period by

exhaustive search and confirming that it matches the discriminant, exhibiting with a separator the cases in which 

overshoots fourfold, and confirming that the  and the  of the supplements share one root. Confirming a shared root

is rare in this corpus: after Paper 31 and Paper 142, this is the third time.

— —



1. Notation and position

For an odd prime  and an integer  not divisible by , let the Legendre symbol  be  if  is a quadratic residue

modulo  and  otherwise. For squarefree  write the discriminant as  when  and

 otherwise. Every symbol in this paper was computed from Euler's criterion  —

that is, without using reciprocity even once.

Position: Paper 86 took a census of the four roots by which a quantity comes to be fixed, and Paper 147 wrote that 

is a period rather than a dimension. The modulus here is likewise a period, and likewise not chosen.

2. Verifying the law from the definition

Verification 2.1: For every pair of odd primes below , the symbols were computed from Euler's criterion and the two

sides of the law compared.

claim instances tested failures

 pairs

 primes

 primes

(QED)

Observation 2.2

Notice what the definition looks at. The definition of  looks at the remainder of  on division by  —

dividing  by anything appears nowhere in it. Yet the right-hand side above is written entirely in terms of 

modulo  and  modulo .

3. The core: measuring the smallest period

Verification 3.1: For each squarefree , the symbol was computed for every prime  below  apart from  and the

divisors of , and the smallest  such that  depends only on  was found by searching upward from

.



smallest 

In all sixteen cases the smallest  was exactly . (QED)

Observation 3.2

The definition divides  by ; the theorem divides  by the discriminant. Nothing in the definition gives any

reason for the answer to be periodic in  at all. Reciprocity is the assertion of that periodicity — the

exchange of which side does the dividing is what the word “reciprocity” is pointing at.



Observation 3.3

That a period exists at all is the content of the law. The value of the period is only the question that comes

next.

4. The separator is 

Verification 4.1: From the table above, take the ratio of  to the smallest .

instances  smallest 

 or 

(QED)

Observation 4.2

 is always a period — but not always the smallest. Only when  does the true modulus

drop to a quarter of it. What must be moved for it to move is , neither the size of  nor its sign.

Observation 4.3

So the modulus is not a number picked for convenience. Whether the factor of  is present is settled by

, and there is no room for choice — in the language of Paper 95, this lies on the side of fact, not of

convention.

5. The  and the  are one reason, not two

Observation 5.1

The first supplement is a statement about  and the second about . Two different numbers appear

to arrive for two different reasons.



Verification 5.2: Set the measurements side by side.

smallest  (measured) supplement

first

second

their product

Furthermore, collecting  by residue class of  modulo  over all odd primes below , the value is  throughout

for  and  throughout for , with not a single class in which the values split. (QED)

Observation 5.3

The  and the  share one root — both are , and only the value of  differs. The two supplements are

not two theorems but one statement read at  and at .

Observation 5.4

This corpus usually says “one word, distinct roots”. Here it does the opposite — it gives one address to two

numbers that had looked separate. After Paper 31 confirmed that the  of a solid angle and the  of a

Gaussian integral share a root, and Paper 142 that Unruh's  and Hawking's do, this is the third such

confirmation.

6. And still the law yields no root

Verification 6.1: The Jacobi symbol computed through reciprocity, using no exponentiation at all, set beside the

construction of a square root by Tonelli–Shanks at the same prime.



deciding solvability constructing a root

 steps  steps

 steps  steps

 steps  steps

 steps  steps

In each case  was verified. (QED)

Observation 6.2

The gap is not only one of cost. Tonelli–Shanks begins by finding a non-residue — and it has no method for

that other than trying  in turn.

Verification 6.3: Counting the non-residues among  to .

non-residues among smallest one

(QED)

Observation 6.4

A theorem gives the count — exactly half of the  nonzero classes are non-residues. But it names none of

them. Counting is a theorem; producing one is a search — no deterministic polynomial-time method for the

smallest non-residue is known.



Observation 6.5

This has the shape of Paper 163, which separated “a good code exists” from “here is a good code”.

Reciprocity answers whether, never which. As in Paper 25, where “unsolvable” split three ways, the

separator here is again which tools are allowed.

7. The census

Observation 7.1

statement what divides what what moves it address

definition of  by computed per 

reciprocity  by period = discriminant

first supplement  by 

second supplement  by 

constructing a root —— which tools are allowed a search, not a theorem

Observation 7.2

The definition and the theorem look at different things. The  and the  of the supplements are one root, and

the modulus is not chosen. And knowing whether a root exists stays separate, to the end, from holding one.

8. Conclusion

1. The law and both supplements were verified from the definition (Ver. 2.1):  pairs,  failures.

2. The smallest period is the discriminant (Ver. 3.1):  for all sixteen values of .

3. The separator is  (Ver. 4.1):  overshoots fourfold when .

4. The supplements'  and  share one root (Ver. 5.2): both are .



5. The law yields no root (Ver. 6.1, 6.3):  steps against , and a non-residue comes only from a search.

Closing: The definition divides  by . The theorem divides  by the discriminant. Whether one can still be surprised

that the direction of division changes hands is what separates having read this law from having recited it, and the

discovery that the  and the  were one number all along is that surprise's small dividend.
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