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ABSTRACT

Paper 157 wrote that the  in least squares is an assumed error law. This paper stands at the other fence — Gauss

answered the same question twice, and the second answer ( ) assumes no distribution at all. And “best” is still

fenced — by linearity, not by normality. NO NEW MATHEMATICAL THEOREM IS CLAIMED. First, Gauss is

one person with two theorems. The  argument assumes that the arithmetic mean is best and deduces that the

error law is normal; the  argument assumes only zero mean, equal variance and no correlation, and deduces

minimum variance (Section 2). Second, Gauss–Markov was verified directly. Among  random weight vectors

summing to , not one fell below  — the best was . No distribution was used

anywhere in that section (Section 3). Third, and this is the core. Even where the variance is finite and Gauss–Markov

holds in full (a  distribution with  degrees of freedom), dropping linearity beats the mean —  times its error

for the trimmed mean and  for the Huber estimator (Section 4). Fourth, yet “nonlinear therefore better” is

false. In the same setting the median loses (  times) — leaving the linear class is necessary and not sufficient

(Section 4). Fifth, unbiasedness and efficiency have distinct roots. With unequal variances ( ) the plain mean

and the inverse-variance weighting are both unbiased and differ in variance by  times (Section 5).

Scope of this paper: NO NEW MATHEMATICAL THEOREM IS CLAIMED — the Gauss–Markov theorem, the

Cramér–Rao bound, -estimation and generalised least squares are all standard. Nor is least squares criticised —

what is shown is how far its “best” extends. On the overlap with Paper 157: 157 showed that the exponent  is an

assumed error law, and this paper shows that the argument which assumes no error law is fenced too — two fences

around one theorem, and nothing there is retracted. What is added is verifying Gauss–Markov directly by random

search, showing with the median that “nonlinear therefore better” is false, and setting out in numbers that

unbiasedness and efficiency can hold and fail independently.

— —



1. Notation and position

An estimator is linear when it can be written as a weighted sum  of the observations; unbiased when its

expectation is the true value; efficient when its variance is small. Every number here was computed with home-made

random numbers (normals by Box–Muller, the  distribution built from normals and a chi-square).

Position: Paper 157 gave the  of the square its address as an assumed error law. This paper stands at the fence next

to it — the argument that assumes no error law has a fence of its own.

2. Gauss is one person with two theorems

Fact 2.1

work assumption conclusion

 Theoria Motus that the mean is best the error law is normal

 Theoria Combinationis no distribution at all minimum variance

Observation 2.2

The  argument puts into its assumptions what one wants as its conclusion. Gauss himself replaced it in

 — the new argument demands only three things: zero mean, equal variances, no correlation.

Observation 2.3

“One person, two theorems” is a recurring type in this corpus (Yamabe, Hopf, Noether, Nash). Here too they

are not a staircase of strength — the assumptions differ, and therefore so does how each breaks.

3. Verifying Gauss–Markov directly

Verification 3.1: With , generate  random weight vectors summing to  and compare .



the uniform weights 

best of  random

worst of  random

Not one fell below . (QED)

Observation 3.2

No distribution was used in this section. All that was needed was equal variances and no correlation. The

normal distribution appeared nowhere.

4. The core: the fence is linearity

Verification 4.1: Let the errors follow a  distribution with  degrees of freedom. Its variance is finite, so Gauss–Markov

holds in full. Here  over  trials.

estimator linear? bias mean square error ratio to the mean

mean (least squares) yes

median no

trimmed mean no

Huber estimator no

(QED)

Observation 4.2

The trimmed mean and the Huber estimator beat the mean. And Gauss–Markov is not violated — the mean

is still best among linear estimators. The fence is linearity rather than normality, and it was in place before

any distribution was mentioned.



Observation 4.3

But “nonlinear therefore better” is false — the median loses in the same setting (  times). Leaving the

linear class is necessary and not sufficient. Being nonlinear buys the possibility of winning, not the win.

Verification 4.4: The same comparison with normal errors.

estimator mean square error ratio to the mean

mean

median

trimmed mean

(QED)

Observation 4.5

With normal errors the mean wins. What normality does is promote the mean from best among linear

estimators to best among all unbiased ones (Cramér–Rao). There are two “bests”, and only one of them needs

an error law.

5. Unbiasedness and efficiency have distinct roots

Verification 5.1: Make the variances unequal,  for .

variance of the plain mean

variance of the inverse-variance weighting

ratio

measured bias, plain mean

measured bias, weighted

(QED)



Observation 5.2

Both are unbiased, and their variances differ by  times. Unbiasedness and efficiency are separate

properties, and what moves the second is the spread of the variances. The equal-variance clause of Gauss–

Markov is not decoration: break it and the conclusion breaks — but unbiasedness does not.

6. And the  never reaches the answer

Verification 6.1: Minimising  gives , and the  divides out. Multiplying the square by any

constant leaves the estimate untouched.

multiplier estimate

the plain mean

(QED)

Observation 6.2

The  of “squares” is not inside the estimator. What is inside is the exponent , which Paper 157 treated.

They are two different twos.

7. The census

Observation 7.1



reading of “best” theorem what is assumed the fence

least variance among linear unbiased Gauss–Markov no distribution linearity

least among all unbiased Cramér–Rao normality the error law

maximum likelihood one per error law an error law the mean if normal

robust -estimation, trimming nonlinearity wins on heavy tails

Observation 7.2

“Least squares is best” can be read four ways. Until it says which, the sentence has not yet become checkable

(the same shape as what Paper 164 wrote about probability).

8. Conclusion

1. Gauss is one person with two theorems (Fact 2.1):  assumes an error law,  does not.

2. Gauss–Markov verified by random search (Ver. 3.1): none of  fell below .

3. The fence is linearity (Ver. 4.1):  trimmed,  Huber.

4. “Nonlinear therefore better” is false (Obs. 4.3): the median at .

5. Unbiasedness and efficiency are distinct (Ver. 5.1): both unbiased, variance  times apart.

6. The  of the square never reaches the answer (Ver. 6.1).

Closing: There is no argument that assumes nothing. Gauss dropped the assumption of an error law in , and in

its place he laid down linearity — he simply did not write that he had. When told that nothing has been assumed,

what to look for is not the absence of an assumption but the assumption that was not written down.
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