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ABSTRACT

This corpus has been writing  since Paper 01. It has never once remarked that the ball this solid angle

measures vanishes as the dimension grows. This paper opens that — and finds that the phrase “curse of

dimensionality” covers several things with different causes, of which the sharpest is not a curse at all. NO NEW

MATHEMATICAL THEOREM IS CLAIMED. First, the volume of the unit ball peaks at  and falls thereafter,

reaching  at  (Section 2). Second, where the volume went is two separate statements. Within one

body the mass gathers in a thin skin (  of it within  of the surface at ); between two bodies the

ball loses to the cube outright (  at ) (Section 3). Third, two random directions are nearly

orthogonal. The mean absolute cosine is  at , matching  (Section 4). Fourth, this is

what people mean by the curse. The relative gap between the nearest and the farthest point collapses to  at

, so “nearest” stops selecting anything (Section 5). Fifth, and this is the core. Read the other way, that same

concentration is the blessing. Projecting  points from  dimensions down to  at random moves all 

pairwise distances by  on average — the curse and the blessing are the same theorem, and what separates them

is only whether you wanted the function to vary (Section 6). Sixth, the fence is what the concentration is around. The

maximum of  standard gaussians does concentrate, but around a value that keeps growing (Section 7).

— —



Scope of this paper: NO NEW MATHEMATICAL THEOREM IS CLAIMED — the volume of the ball, concentration

of measure, the Johnson–Lindenstrauss lemma, and the degeneration of nearest neighbours in high dimension are all

standard. No machine-learning method is evaluated. On Papers 94 and 114: 94 split the word dimension into

topological, fractal and special integer dimensions; 114 sorted objects by whether they know their own dimension. This

paper asks what happens when the dimension is large — a different question from either. On Paper 139: that paper

also mentions the curse once, but about the convergence rate of empirical measures, which is a different quantity from

the geometry here. What is added is separating five things by what each is a statement about, setting the curse and the

blessing side by side in numbers as two readings of one concentration, measuring the fence that concentration is

around the mean and not around a constant, and writing down where the  this corpus keeps carrying

actually goes.

1. Notation and position

Write  for the volume of the unit ball in  dimensions and  for the area of the

unit sphere . Everything sampled was sampled for this paper, with the sample size stated.

Position: From the  uniqueness of Paper 01 through the exponent formula of Paper 116 to the solid angles

of Paper 36, this corpus has written  over and over. What that value does as  grows has never been asked.

2. Where the volume this corpus carries actually goes

Verification 2.1



 (volume of the unit ball)

(QED)

Observation 2.2

The ball's volume peaks at  and falls from there, while the solid angle peaks at  — even the two

peaks sit in different places. And by  the  this corpus keeps writing is down in the 

range.

3. Where the volume went is two separate statements

Verification 3.1: The fraction of a ball's volume lying within  of its surface, which is exactly .



(QED)

Verification 3.2: The ball as a fraction of the cube of side .

(QED)

Observation 3.3

These are different statements. The first says where the mass of one body sits and follows from one line of

algebra once  is fixed. The second compares two bodies and follows from the ball having no corners.

Calling both the curse of dimensionality hides the difference.

4. Two random directions are nearly orthogonal

Verification 4.1: In each dimension take  pairs of random unit vectors and measure the absolute cosine of the angle

between them.



mean largest over  pairs

(QED)

Observation 4.2

The typical cosine falls like . In a thousand dimensions two vectors drawn at random are orthogonal

for all practical purposes. This will return later on the side of the blessing.

5. What people mean by the curse

Verification 5.1: Take  points uniformly in the unit cube and look at their distances from a random query point.

nearest farthest relative gap

(QED)



Observation 5.2

The nearest and the farthest point are at almost the same distance. The operation “take the nearest” stops

selecting anything — this is what the curse actually is.

6. The core: read the other way, the same concentration is the blessing

Observation 6.1

What flattened the distances in Section 5 is the fact that a Lipschitz function of many independent coordinates

is nearly constant. But that same fact also means distances survive a projection.

Verification 6.2: Take  points in  dimensions (  pairs), project to  dimensions with a random matrix, and

measure the ratio of every pairwise distance.

worst distortion mean distortion compression

(QED)

Observation 6.3

A thousand dimensions crushed into a hundred, and  distances move by  on average. What makes

this possible is the same concentration that destroyed the nearest neighbour in Section 5. The curse and the

blessing are one theorem, and what separates them is only whether the function was wanted to vary.



Observation 6.4

If the aim is to pick a neighbour by distance, not varying is a disaster. If the aim is to compress while

keeping distances, not varying is the whole point. One phenomenon, two verdicts — as when Paper 95

separated convention from fact, the verdict is not a property of the phenomenon.

7. The fence: what it concentrates around is not a constant

Observation 7.1

A common misreading is that in high dimension everything settles onto a single value independent of . The

maximum of  standard gaussians is a -Lipschitz function and so does concentrate — around a value that

keeps rising.

Verification 7.2:  draws in each dimension.

mean of the max ratio spread over mean

The two columns are not equal —  is the leading growth rate rather than the value, and the ratio approaches

 slowly. (QED)

Observation 7.3

The spread relative to the mean shrinks from  to , so it certainly concentrates. But the value it

concentrates on climbs from  to . “Concentrates” is a statement about the spread, not about the

location.



Verification 7.4: And without a Lipschitz bound nothing at all is promised. Take the product of the coordinates, whose

Lipschitz constant blows up.

spread over mean concentrates?

no

no

no

no

The relative spread grows with . (QED)

Observation 7.5

Concentration is a theorem about Lipschitz functions and not about high dimension as such. The fence is the

Lipschitz constant.

8. The census

Observation 8.1

how it is called what it is a statement about quantity curse or blessing

mass in the skin inside one body neither

ball loses to cube two bodies compared grids stop working

nearly orthogonal two random points blessing

nearest loses meaning many random points relative gap curse

samples grow exponentially a covering count curse



Observation 8.2

These five are not a staircase. The first two are geometric identities and need no randomness. The next two

are statements about random points and need probability. The last is a count of an algorithm's work and is

not geometry at all. Because one phrase covers them, one remedy seems to be called for.

9. Conclusion

1. The unit ball's volume peaks at  (Ver. 2.1):  at .

2. The solid angle peaks at , so even the peaks differ (Obs. 2.2).

3. The skin and the cube are different statements (Obs. 3.3).

4. Two random directions are nearly orthogonal (Ver. 4.1):  at , matching prediction.

5. The nearest neighbour loses meaning (Ver. 5.1): a relative gap of .

6. The same concentration becomes the blessing (Ver. 6.2):  mean distortion at tenfold compression.

7. What it concentrates on is not a constant (Ver. 7.2): spread down to  while the value climbs to .

Closing: When someone says “the curse of dimensionality”, the next question is what it is a statement about. Inside

one body, between two bodies, about random points, or about an algorithm's work. And the sharpest of them is not a

curse — the same concentration that makes distances unusable for selection is what allows dimension to be thrown

away while distances are kept. One phenomenon, and what makes it a curse or a blessing is what we happened to

want.
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