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ABSTRACT

When a sequence of functions is said to converge, that is one of at least four separate claims. This paper shows

numerically that the four do not follow from one another, and that what separates them is what you are allowed to

discard. NO NEW MATHEMATICAL THEOREM AND NO NEW LAW IS CLAIMED. First, this is the core.

There is a sequence that converges at no point at all while its integral vanishes. Running the typewriter sequence of

dyadic intervals to  and testing  points, the number of points at which it converged was , that is

 — while the  norm of the same sequence is  (Section 2). Second, a subsequence of it does

converge almost everywhere. Keeping only the first interval of each block, at  the number of the  points

still returning  was  (Section 3). Third, the failure of uniformity is not the fault of one endpoint. Multiplying the

width of the transition band of  by  gives , converging to  — the graph does not

flatten: it slides to the right keeping its shape (Section 4). Fourth, riding that sliding point, the value never moves.

Evaluating  at  gives  at , sitting on  (Section 4). Fifth,

shrinking the set you are allowed to discard has a price. Discarding a length  at the right end makes  converge

uniformly, and at  the  required is  — cutting  by a hundred multiplies  by a hundred (Section

5).

— —



Scope of this paper (scope note): NO NEW MATHEMATICAL THEOREM AND NO NEW LAW IS CLAIMED —

Egorov's theorem, Riesz's theorem and the typewriter sequence are all standard. No test for convergence is proposed

— this paper only separates and lines up four existing definitions. The fence around dominated convergence is not

treated — the fence of an integrable dominating function is already written in Section 5 of Paper 168, and this paper

does not enter there. The spike sequence of unit area is not a finding of this paper either — it is the sequence used in

Paper 178, and it appears here as one row of a comparison table. Relation to Paper 177: 177 took a census of the order

of  and  for one function and identified the fence as compactness. The object here is a sequence of functions, and the

question is not how  answers  but what survives the limit — and the fence is different: here it is the size of the set you

may discard. What is added is counting over  points a sequence that converges at none of them, confirming at the

same points that a subsequence does converge, locating the failure of uniformity in a sliding band by measuring its

width, and measuring the price of shrinking the discarded set across six decades.

1. Notation and Position

For a sequence of measurable functions  and a function , four phrases are used. Uniform convergence means

; pointwise convergence means  for every ;  convergence means ;

convergence in measure means  for every . Every number below is computed here.

Position: Paper 177 took a census of the roots of “continuous” for one function. The object here is a sequence of

functions, and although the same  and  stand in a row, the question differs — there it was how  answers , and

here it is what survives when the limit is taken.

2. The Core: It Converges at No Point, and the Integral Vanishes

Build the typewriter sequence as follows. Write  with , and let  be the indicator of

. With each increase of , a window of half the width sweeps across  from left to right.

Check 2.1: the  norm and the measure of the support are both .



Block  measure of support 

So this sequence converges to  both in  and in measure.

Check 2.2: run  from  to  and, at each of  points drawn from , count how often  was  and how

often it was .

Quantity measured Value

Points where  at least  times  ( )

Points where  at least  times  ( )

Fewest ones seen at any point

Points at which the sequence converged  ( )

Observation 2.3

At every point,  takes the values  and  infinitely often. The upper limit is  and the lower limit is , so

not one point converges. And still the integral has fallen to . “It converges” and “it converges” are

simultaneously true and false of the same sequence — until the sense is named, the sentence has no truth

value.

3. And Yet a Subsequence Converges Almost Everywhere

Check 3.1: keep only the first interval of each block, that is . That subsequence is the indicator of .



Of the  points, those returning 

 ( )

 ( )

 ( )

 ( )

Observation 3.2

Convergence in measure did not abandon almost-everywhere convergence — it handed it to a subsequence.

That is what Riesz's theorem says, and these numbers only build one instance of it. Not any subsequence will

do — since the original sequence converges nowhere, only a well-chosen subsequence converges almost

everywhere.

4. The Failure of Uniformity Is Not the Fault of One Endpoint

On ,  converges pointwise (  for  and  at ), while the supremum is  for every . It is often said that

“the single point  is in the way”. That is not right.

Check 4.1: the point where  is . Call the stretch between  and  the transition band, and

multiply its width by .

 with  with Width 

The width times  converges to .



Observation 4.2

The graph does not flatten: it slides to the right keeping its shape. The band narrows like , and inside it

the value still falls from  to . What the failure of uniformity inhabits is not the point  but a band

running toward .

Check 4.3: ride that band and measure. Take .

( .)

Observation 4.4

On a point chasing  at speed , the value stays at  forever. Pointwise convergence says that the

sequence goes to  at every point, but that is said with the point held fixed; let the point move and it does not

go to . Uniform convergence is precisely the claim that the point may move.

Observation 4.5

The same  appears in Paper 178, but there it is the value of a chosen test function — the agreement of

the digits means nothing, and the roots are different.

5. Shrinking the Set You May Discard Has a Price

Check 5.1: discarding a length  at the right end of  leaves  on , so  does converge

uniformly there. Measure the  required.



 needed for  needed for 

Observation 5.2

Cutting  by a hundred multiplies the required  by a hundred. And setting  makes no  sufficient —

on all of  the supremum is  forever. What Egorov's theorem guarantees is “possible for every ”,

not “possible even at ”. The  in this table lives in the gap between those two sentences.

6. Without Finite Measure, One Implication Falls Away

Check 6.1: on the real line, let  be the indicator of .

Value at a fixed Integral Measure of 

 once 

the same

the same

Observation 6.2

This sequence converges to  at every point, and converges neither in  nor in measure. On a space of finite

measure this cannot happen — there, almost-everywhere convergence implies convergence in measure

(Egorov). So the table of implications changes with the space — the fence is that the measure be finite.



7. The Separator: What You May Discard

Check 7.1 (the table of implications): for four sequences, set out the truth of the four senses.

Sequence Pointwise Uniform In measure

 on yes no yes yes

 on  (Paper 178) yes no no yes

Typewriter no no yes yes

 on the line yes no no no

Every one of them converges in some sense and fails in another. The pointwise column carries a “no” and the 

column carries a “no” — neither direction of implication holds.

Observation 7.2 (the separator)

line the senses up by what may be discarded.

Name What may be discarded

Uniform nothing

Almost uniform (Egorov) a set of measure , for any 

Almost everywhere a set of measure zero

In measure everything but a subsequence (Riesz)

In the pointwise information entirely

Observation 7.3

What looks like an order of strength is really an order of permission. Each time the permission is loosened

by one step, more sequences get through — the typewriter gets through only once the pointwise information

is discarded entirely, and the box on the line gets through  no matter what is discarded.



8. The Census and the Close

What this paper checked:

1. It converges at no point and the integral vanishes (Check 2.2):  of  points converged, and the  norm is

.

2. A subsequence converges almost everywhere (Check 3.1): at ,  points still return .

3. The failure of uniformity lives in a sliding band (Check 4.1): width  tends to .

4. Riding that band the value stays at  (Check 4.3):  at .

5. The price of shrinking the discarded set (Check 5.1):  at .

6. Without finite measure one implication falls away (Check 6.1).

7. The separator is what may be discarded (Observation 7.2).

Close: The sentence “  converges to ” has no truth value on its own. Of the typewriter sequence it is true in ,

true in measure, and true at not one single point. The four senses look like a ladder of strength, but what builds the

ladder is not the functions: it is how much one is prepared to throw away — discard nothing and it is uniform

convergence, be willing to lose a null set and it is almost everywhere, settle for keeping a subsequence and it is

convergence in measure. The sequence is the same sequence throughout, and what moves is the permission.
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