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ABSTRACT

How the volume of a ball grows with its radius splits into three behaviours according to the curvature alone. This

paper measures the three and shows numerically that the crowding produced by curvature has the same shape as

the crowding produced by dimension. NO NEW MATHEMATICAL THEOREM AND NO NEW LAW IS

CLAIMED. First, the growth splits three ways. In the three-dimensional models the volume of a ball of radius  is

 at curvature  and  at curvature , while at curvature  it has already finished at

radius  (Section 2). Second, in hyperbolic space only the outside grows. The share of the ball lying between 

and  is  at , agreeing with  to ten digits — however large the radius

is made, eighty-six per cent goes on living in the outermost unit shell (Section 4). Third, this is the core. The same

crowding can be bought in two different ways. The dimension needed to reproduce that share in flat space is  at

,  at  and  at  — the dimension has to keep growing like twice the radius (Section 5).

Fourth, the ratio never turns back. Dividing the volume at greater curvature by the volume at lesser, the ratio fell at

every one of six radii, checked by an assertion — the content of the comparison theorem is not its value at one

radius but that it never reverses (Section 6). Fifth, a hyperbolic ball never becomes mostly interior. The ratio of

surface to volume goes to zero as  in flat space, and settles at  by  in hyperbolic space (Section 7).

— —



Scope of this paper (scope note): NO NEW MATHEMATICAL THEOREM AND NO NEW LAW IS CLAIMED —

the volumes of the constant-curvature models and the Bishop–Gromov comparison theorem are standard. The

comparison theorem is not proved — what is checked here is that the ratio between two models falls monotonically,

and nothing is claimed about a general manifold with a lower bound on its Ricci curvature. Only three dimensions are

measured — Section 5 alone varies the dimension, and what it varies is the dimension of flat space. Nothing is claimed

about any real space. Relation to Paper 182: 182 measured the crowding produced by dimension — this paper

measures the same crowding produced by curvature. One phenomenon with two separate causes, and Section 5 is the

demonstration that either will buy it. Relation to Papers 60 and 63: the corpus already treats hyperbolic geometry in

velocity space — that is about where relativistic velocities live, and this is about how volume grows. What is added is

obtaining the three growth laws by quadrature and in closed form, measuring at six radii that the outer shell settles on

a constant share in hyperbolic space, showing that the dimension needed to reproduce that share in flat space is twice

the radius, and confirming the monotonicity of the ratio with an assertion.

1. Notation and Position

Consider the volume of a geodesic ball of radius  in the -dimensional model of constant curvature . In three dimensions

there are closed forms:  at ,  at , and  at  for . The

numbers below come from multiprecision quadrature, checked against those forms.

Position: Paper 182 treated the curse of dimensionality and measured that raising the dimension gathers the volume

toward the outside. This paper measures the same gathering from the side of curvature — and Section 5 shows that

the two can be exchanged.

2. The Growth Splits Three Ways

Check 2.1: measure the volume at several radii in the three-dimensional models.

(finished at )



Observation 2.2

One grows exponentially, one as a cube, and one stops partway. The same phrase, “the volume of a ball”,

points at three separate behaviours according to the sign of the curvature alone.

3. Checking the Tool

Check 3.1: set the quadrature against the closed forms.

Curvature Quadrature Closed form

They agree to fifteen digits. Every number below comes from that quadrature.

4. In Hyperbolic Space Only the Outside Grows

Check 4.1: measure the share of the whole ball taken by the shell between  and .

(finished)

(finished)

(finished)

(finished)
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Observation 4.2

In flat space the shell empties out, from  down to . In hyperbolic space it settles on a constant

share, agreeing with  to ten digits by . However large the radius is made, more than eighty-six

per cent goes on living in the outermost unit shell.

Observation 4.3

The spherical column loses its meaning partway — it is already down to  at , because the

ball covers the whole sphere at .

5. The Core: the Same Crowding, Bought Two Ways

In flat -dimensional space the outer unit shell takes a share of . What must  be to match the hyperbolic three-

dimensional value of ?

Check 5.1:

Dimension  giving the same share

Observation 5.2

To produce the same crowding in flat space, the dimension must keep growing like twice the radius. The

curvature side was set to  once and increased nothing thereafter. One phenomenon, bought by paying in

dimension on one side and in curvature on the other.



Observation 5.3

So the observation “the volume is gathered toward the outside” does not by itself say what caused it. Paper

182 measured the gathering caused by dimension and this paper the gathering caused by curvature — the

shape that shows is the same, and the roots are separate. To tell which, vary the dimension and see whether

the share moves.

6. The Ratio Never Turns Back

Check 6.1: divide the volume at the greater curvature by the volume at the lesser.

 over  over 

Every step is smaller than the last. The computation carries an assertion that stops it if a ratio rises, and it never

stopped.

Observation 6.2

The content of the comparison theorem is not its value at one radius — it is that it never reverses. An

inequality at one point could hold by accident; being monotone could not. What was checked here is only

between models, and says nothing about a general manifold with a lower bound on its Ricci curvature.

7. A Hyperbolic Ball Never Becomes Mostly Interior

Check 7.1: divide the surface of the ball by its volume.



Observation 7.2

In flat space it goes to zero as  — the larger the ball, the more it becomes “interior”. In hyperbolic space

it settles on  — however large it is made, the proportion of skin to interior does not change. It is the eighty-

six per cent of Section 4, said another way.

8. The Separator and the Fence

Observation 8.1 (the separator)

The same observation, “the volume is gathered toward the outside”, has two separate causes — dimension

(Paper 182) and curvature (this paper). To separate them, vary the dimension: crowding from dimension

goes away when the dimension is lowered, and crowding from curvature stays put in three dimensions.

Observation 8.2 (the fence)

The fence around “the volume of a ball grows like the -th power of the radius” is that the curvature is zero.

Outside the fence the form of the growth itself changes — exponential if negative, and finishing partway if

positive. And this is not a difference of degree between faster and slower growth: the  column has

nothing at all beyond radius .



Observation 8.3

In Paper 206 the dimension of a thin cylinder had no answer until a scale was named — here the growth of a

ball's volume is not settled until a curvature is named. Both have the same shape: the name of the quantity is

not enough.

9. The Census and the Close

What this paper measured:

1. Three kinds of growth (Check 2.1): exponential, cubic, and finishing partway.

2. The tool was checked (Check 3.1): quadrature and closed form agree to fifteen digits.

3. The hyperbolic shell keeps  (Check 4.1): ten digits of .

4. Imitating it needs twice the radius in dimensions (Check 5.1):  at .

5. The ratio never turns back (Check 6.1): confirmed with an assertion.

6. Surface over volume settles on  (Check 7.1).

7. The fence is that the curvature be zero (Observation 8.2).

Close: To arrange, in flat space, that almost all of a ball's volume lies near its surface, there is no way but to keep

raising the dimension — double the radius and the dimension must double to keep up. Set the curvature to ,

however, and it holds in three dimensions, from beginning to end. The same crowding is sold at two completely

different prices. And since the shape that shows is the same, looking at the shape will not tell you which was bought

— that is learnt only by moving the dimension and watching.

References

1. Bishop, R. L., Crittenden, R. J. (1964). Geometry of Manifolds. New York: Academic Press.

2. Gromov, M. (1981). Structures métriques pour les variétés riemanniennes. Paris: CEDIC.

3. Cheeger, J., Ebin, D. G. (1975). Comparison Theorems in Riemannian Geometry. Amsterdam: North-Holland.

4. Ledoux, M. (2001). The Concentration of Measure Phenomenon. Providence: American Mathematical Society.

5. Chavel, I. (2006). Riemannian Geometry: A Modern Introduction. Second edition. Cambridge: Cambridge University Press.

6. Yamagishi, Y. (2026). The Wigner Angle Is an Area [Paper 33]. Zenodo. 10.5281/zenodo.22090872

7. Yamagishi, Y. (2026).  as the Ball of Velocity Space [Paper 60]. Zenodo. 10.5281/zenodo.21598012



8. Yamagishi, Y. (2026). The Velocity–Spacetime Curvature Duality [Paper 63]. Zenodo. 10.5281/zenodo.21606250

9. Yamagishi, Y. (2026). “The Curse of Dimensionality” Is Not One Curse [Paper 182]. Zenodo. 10.5281/zenodo.22104170

10. Yamagishi, Y. (2026). The Power in the Eigenvalue Count Is Half the Dimension [Paper 204]. Zenodo. 10.5281/zenodo.22110032

11. Yamagishi, Y. (2026). The Spaces Converge and the Dimension Does Not [Paper 206]. Zenodo. 10.5281/zenodo.22110637

12. Yamagishi, Y. (2026). There Are Three Tools for Writing Polarization [Paper 207]. Zenodo. 10.5281/zenodo.22110902

From thinking to syncing.

Yuuki YAMAGISHI (山岸 勇輝)

© 2026 Yamagishi Complexity Torus Lab, Japan · Licensed under Creative Commons Attribution 4.0 International (CC BY 4.0)

— —


