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Abstract

The Chomsky hierarchy divides languages into four levels.Asked what divides them, one usually answers

“complexity.”This paper asks what that complexity actually is——the answer is the type of memory of the

recognising machine.No new mathematical theorem and no new law is claimed. First, we line up the four levels by

type of memory.None / one stack / a tape proportional to the input / an unbounded tape (Section 2). Second, this is

the core of the paper.A finite automaton with  states still cannot recognise , while one stack can (Section 3).

Third, the equivalence classes are countably infinite.  and  are told apart by appending , so finitely many states

cannot suffice in principle (Section 3). Fourth, each step up makes the cost jump.At  the gap between 

and  is , and  is  (Section 4). Fifth, at the top level the cost is not defined.Membership for phrase-

structure languages is undecidable (Section 4). Sixth, the separator is whether brackets can be matched.Fix the

depth and finiteness suffices; arbitrary depth demands the infinite (Section 5).

— —



Scope of this paper (scope note): No new mathematical theorem and no new law is claimed——the Chomsky

hierarchy, the Myhill--Nerode theorem, the pumping lemma,  parsing, and undecidability are all standard.We

do not build formal language theory——all we use is one pigeonhole argument and three comparisons of cost.We do

not prove the theorems——Myhill--Nerode and the pumping lemma are merely quoted, and we do not enter their

proofs.We do not discuss natural language——where human language sits in the hierarchy is not treated at all. Only

the hierarchy of formal languages is treated.We do not discuss computational complexity——we do not enter  versus

 nor the details of PSPACE. We only line up the orders of cost by level.We do not say  is best——context-

free parsing is known to reduce to the exponent of matrix multiplication.  is a classical upper bound.We do not say

four levels is the only division——deterministic context-free, linear languages and many intermediate families exist.

This paper treats only the coarsest four.We do not confuse this with the metaphorical “grammar”——Paper 87 called

the action principle “the grammar of physical law” and Paper 92 called differential forms “a shared alphabet.” Both

are metaphors. This paper treats formal grammar literally, so the word is the same and the object is not.Relation to

earlier papers: Paper 179 showed that “cannot be constructed” has distinct roots, touching Turing’s halting problem

——the undecidability of the top level here is one of those roots, placed here as the apex of a hierarchy.Paper 163

separated “a good code exists” from “here is a good code”——this paper likewise separates “can be recognised” from

“can be recognised at what cost”.Paper 112 counted “six distinct roots sharing one rhyme”——the four levels here are

four different things under the one word “complexity”.Paper 100 set down “one word, distinct roots” as a discipline of

the corpus——this paper applies that discipline to formal languages.What is added is re-lining the four levels by type of

memory, showing numerically that  states still fail to reach , computing the cost ratio at  as , and

placing the separator at bracket matching.

1. Notation and the Question

Setting: Formal languages divide into four levels by the machine that recognises them (the Chomsky hierarchy).

Question: What divides the levels?“Complexity” is an answer, but complexity of what?

Observation 1.1

This paper’s answer is the type of memory.Not speed, not the number of rules, not the number of states——

the shape of what can be held.



Observation 1.2

A note before we start——the corpus has used “grammar” as a metaphor.Paper 87 called the action

principle “the grammar of physical law”; Paper 92 called differential forms “a shared alphabet”——this

paper differs from both and treats formal grammar literally.The same word, a different object.

2. Lining Up the Four Levels by Type of Memory

Check 2.1:

Family Machine Memory Cost of membership

Regular finite automaton none

Context-free pushdown one stack

Context-sensitive linear bounded automaton tape  input PSPACE

Phrase structure Turing machine unbounded tape undecidable

Observation 2.2

The second column (the machine’s name) is merely a definition.What acts is the third——it is not the

machines that differ but the memory.

Observation 2.3

Reading the third column downwards: none  one  bounded  unbounded.What grows is type, not

amount——the gap between “none” and “one stack” cannot be closed with quantity (Section 3).

Observation 2.4

In the rightmost column, only the last entry is not a number.After ,  and PSPACE comes

undecidable——the cost is not large; the quantity “cost” is not defined.



3. The Core: One Unbounded Stack Beats  States

Setting: Consider the language  (  copies of  followed by  copies of ).

Check 3.1: The Myhill--Nerode distinction.For ,  and  are told apart by appending .

String In the language?

yes

 ( ) no

Observation 3.2

So  must all be distinguished from one another.The equivalence classes are countably infinite

——finitely many states cannot suffice in principle.

Check 3.3: We try adding states.

Number of states  it can distinguish Input on which it must fail

 to 

 to 

 to 

 to 

Observation 3.4

This is the core of the paper.Give it as many states as there are atoms in the observable universe and it still

breaks just beyond——while a pushdown automaton recognises  with one stack.

Observation 3.5

 states of finite memory  one unbounded stack——the shortest way to say that type acts, not amount.



Observation 3.6

What the stack does is count.Push on each , pop on each ——a finite automaton does not lack the

operation of counting; it lacks counting without a ceiling.

Check 3.7: Then is one stack enough?Consider .

Language Machine that recognises it

pushdown (one stack)

not a pushdown (needs a linear bounded automaton)

Observation 3.8

The stack empties while matching  against , leaving nothing to match  with.Each added step of memory

strictly enlarges what can be recognised——no level can be skipped.

4. Each Step Up Makes the Cost Jump

Check 4.1: We line up the cost against the input length .

 (regular)  (context-free)  (exponential)

Observation 4.2

At , context-free costs  times what regular costs.The same length of text, read at a million times

the effort——the price of becoming able to count brackets.



Observation 4.3

 is  times the number of atoms in the observable universe ( ).Possible in principle,

unperformable in fact——“can” and “can at a feasible cost” are different (the same figure as Paper 163’s

distinction).

Observation 4.4

A point to write honestly——  is a classical upper bound.Context-free parsing reduces to the exponent

of matrix multiplication——  is a number showing that a level was crossed, not the best value.

Observation 4.5

At the top level no row can be written in this table.Membership for phrase-structure languages is

undecidable, and no cost is defined for any ——one of the roots of “cannot be constructed” treated in

Paper 179 appears here as the apex of a hierarchy.

5. Separator: Whether Brackets Can Be Matched

Observation 5.1

Separator——what must be moved for regular and context-free to exchange?Whether the bracket depth has

a ceiling.

Check 5.2:

Brackets handled States required Level

Depth up to regular

Depth up to regular

Depth up to regular

Arbitrary depth infinitely many context-free



Observation 5.3

Every row but the last is regular.Brackets to depth  can be written as a regular expression——the

boundary lies not at “deep” but at “no ceiling”.

Observation 5.4

This bites in practice.A regular expression cannot parse HTML because tags nest to arbitrary depth, and

limiting the depth to  makes it writable——what forbids it is not complexity but the absence of a ceiling.

Observation 5.5

Paper 112 counted “six distinct roots sharing one rhyme.”Under the one word “a complex language” stand

four different things——divided not by a degree of complexity but by the qualitative difference of memory

type.

Observation 5.6

Paper 100 set down the corpus’s discipline as “one word, distinct roots.”This paper applied that discipline to

formal languages——to grammar taken literally, not as metaphor.

6. Roll Call and Closing

1. Four levels by memory type (Check 2.1): None / one / bounded / unbounded.

2. Only the last is not a number (Observation 2.4): Undecidable.

3. Countably infinite classes (Check 3.1):  against .

4.  states still break (Check 3.3): At .

5.  finite  one unbounded (Observation 3.5): Type acts.

6.  defeats one stack (Check 3.7): No level can be skipped.

7.  at  (Check 4.1): The price of counting brackets.

8.  (Observation 4.3):  times the atoms.

9. Depth  is regular (Check 5.2):  states.



10. The boundary is the missing ceiling (Observation 5.4): Not the depth.

Closing: The hierarchy of languages is set by the type of memory, not its amount.The four levels line up as none / one

stack / a tape proportional to the input / an unbounded tape, and it is the shape of the memory, not the name of the

machine, that divides them.The shortest statement is this——a finite automaton with  states, as many as there

are atoms in the observable universe, still cannot recognise , while a pushdown automaton recognises it with

 stack.Because  and  are told apart by appending , the equivalence classes are countably infinite.And each

step up makes the cost jump——at  the gap between  and  is ,  is , and at the top

level the quantity “cost” is not defined at all.One thing separates them——whether the bracket depth has a

ceiling.Up to depth , a finite automaton of  states suffices.What forbids it is not depth but the absence of a

ceiling.
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