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Abstract

The no-free-lunch theorem says that averaged over all problems, every search performs alike.This paper asks what

that average is taken over: the answer is a set that contains almost no structure.No new mathematical theorem

and no new law is claimed. First, a search that uses structure is fast where structure exists.186.18 times at

N = 16384 (Section 2). Second, that speed is logarithmic and random search is linear.17 — 44 against 32 — 8192
(Section 2). Third, this is the core of the paper.The same search loses to random on structureless functions——
0.9645 (Section 3). Fourth, structure is only 10711379 of the averaged set (Section 4). Fifth, the theorem is correct,
and it is a statement about a measure (Section 4). Sixth, the separator is not what is maximised but what is averaged

over (Section 5).




Scope of this paper (scope note): No new mathematical theorem and no new law is claimed the no-free-lunch

theorem, the complexity of ternary search, and the counting argument of Kolmogorov complexity are all standard.We
do not prove the theorem——this paper only shows its content in numbers, and enters neither its proof nor its
generalisations.We do not refute the theorem——the theorem is correct. All this paper says is what its subject is.We do
not claim to have measured the balance——what was measured is one pair of algorithms, and the exact accounting
across all algorithms and all functions belongs to the theorem, not to this measurement.We do not design search
algorithms——genetic algorithms, simulated annealing and Bayesian optimisation are not entered.We claim nothing
about the distribution of real problems——which measure real problems follow is not settled here.Relation to earlier
papers: Paper 311 showed that the correct bound and the predictive bound are different things——311 is about what
is maximised and this paper is about what is averaged over. Objective function and measure: two different places to
stand.Paper 186 showed cases where optimising a proxy harder makes the target worse——186 is the gap between
target and proxy, this is how the problem set is measured, and both interrogate the premise under which optimisation

works.Paper 315 showed which dimension is special depends on the question this is the same form: which

algorithm is better depends on how the problems are measured.Paper 320 showed the bifurcation ratio not depending

on the shape of the map the 186.18 here depends on the shape entirely, the opposite case.Paper 323 showed the

three of three primaries coming from the number of receptors both ask where a number came from.What is added
is running ternary and random search at five scales, measuring the sign reversal between the structured and
structureless sides, counting the one-humped functions as 1071137 of the whole, and putting the separator on the

measure.

1. Notation and the Question

Setting: We search a function assigning a value to each of N points.Evaluations are the budget, and we want the

maximum.

Observation 1.1

The no-free-lunch theorem states that averaged uniformly over all functions, every search scores the

same.This is correct.

Question: So what is “all functions”?



Observation 1.2

The theorem reads as saying something about algorithms, and it is in fact saying something about a set of

problems——which of the two is the subject changes what it means.

2. Using Structure Is Fast Where Structure Exists

Setting: Apply ternary search to a one-humped (unimodal) function.Two probes tell which side the peak is on, so the

bracket shrinks.

Check 2.1: Evaluations needed to reach the exact maximum (computed here, 4000 trials each).

Ternary Random (N/2)
64 17.000 32.0 1.88
256 24.000 128.0 5.33
1024 30.000 512.0 17.07
4096 37.000 2048.0 55.35
16384 44.000 8192.0 186.18

Observation 2.2

Ternary search reached the exact optimum in 100.00% of trials.It misses at no scale——given that the

function is known to be unimodal, this is a guarantee.

Observation 2.3

They grow differently. Ternary goes 17 — 44 (logarithmic), random goes 32 — 8192 (linear) a 256-fold

increase in scale opened the ratio from 1.88 to 186.18.




Observation 2.4

The ratio grows without bound.The same shape as Paper 303’s “if the opponent is an exponential, write not

how many times but at which 7n they cross”——here there is no crossing; it only keeps opening.

3. The Core: The Same Search Loses Where There Is No Structure

Setting: Now assign the values uniformly at random.The same ternary search, the same budget.

Check 3.1: Mean of the best value found (20000 trials each).

N Budget Ternary Random Ratio
64 23 58.6623 60.8210 0.9645
256 30 242.2745 247.2238 0.9800
1024 37 984.5823 996.7134 0.9878

Observation 3.2

This is the core of the paper.The sign has reversed

on the structured side it wins by 186.18, on the

structureless side it loses at 0.9645. It is the same algorithm.

Observation 3.3

The reason it loses is visible.Ternary search spends evaluations narrowing a bracket, and when the values

are random that bracket means nothing every narrowing adds territory it will never look at.

Observation 3.4

This is the no-free-lunch balance made visible.The gain on structure is paid for somewhere——and the

theorem says the account is exactly zero.




Observation 3.5

A point to write honestly——this paper did not measure the balance.What was measured is one pair of
algorithms, while the exact account across all algorithms and functions belongs to the theorem——what is

shown here is the direction, not the amount.

4. The Averaged Set Contains Almost No Structure

Check 4.1: The fraction of N-point functions that are unimodal.

N All functions Unimodal ones Fraction
64 1011560 64 10-113.79
256 10616.51 256 10—614.10

Observation 4.2

It is 1071 Far smaller than the reciprocal of the number of atoms in the universe——draw one

uniformly and being unimodal effectively never happens.

Check 4.3: The same holds for far weaker senses of structure.Writing one function on N = 64 takes 384 bits.

Compressible by k bits Fraction of such functions (at most)

8 3.9062 x 1073
32 2.3283 x 10710
128 2.9387 x 107%°

256 8.6362 x 10~



Observation 4.4

At most 27 of objects can be compressed by k bits. This follows from counting alone——there are only gk

short descriptions, and no more will fit.

Observation 4.5

“Having structure” means “being writable briefly”.And things writable briefly are, by definition, almost

absent under the uniform measure, structure is close to measure zero.

Observation 4.6

The theorem is correct, and it is a statement about a measure.Averaged uniformly, every algorithm is alike

and what dominates that average is functions nobody has ever posed.

5. Separator: Not What Is Maximised but What Is Averaged Over

Observation 5.1

Separator which measure is put on the set of problems.
Measure Conclusion Correct?
uniform every search alike yes
weighted to structure structure-using search wins yes

Observation 5.2

The two rows do not contradict.The same algorithms, functions and budget, with only the measure changed

——the difference in conclusion comes not from a property of the algorithm but from how the question was

posed.




Observation 5.3

This is where this paper parts from Paper 311.

What changes the conclusion Category

Paper 311 what is maximised objective function

This paper what is averaged over measure

Observation 5.4

311 set two objectives side by side, efficiency and power.This paper holds the objective fixed and changes the

set of problems

by Paper 300’s criteria they have different roots and no translation can be constructed.

Observation 5.5

Paper 300 wrote that agreement of values alone is not sameness of root.The reversal here obeys the same

discipline the reason 186.18 and 0.9645 come from one algorithm is nameable, as whether the bracket

means anything.

Observation 5.6

A point to write honestly——this paper does not settle which measure real problems follow.That it is not

uniform can be shown; what it is cannot

that belongs to experience.

Observation 5.7

One last thing—*“no free lunch” is not about the canteen but about the menu.Only 10711379 of the dishes

the theorem counts are ones anyone has ever eaten and what we are actually paying for is the dishes that

are not on it.




6. Roll Call and Closing

1.186.18 at N = 16384 (Check 2.1): If unimodal.

2. Exact optimum 100.00% of the time (Observation 2.2): Ternary does not miss.

3. 17 — 44 against 32 — 8192 (Observation 2.3): Logarithmic and linear.

4.0.9645 without structure (Check 3.1): The same algorithm loses.

5. Because the bracket means nothing (Observation 3.3): Narrowing costs.

6. The direction, not the amount (Observation 3.5): The account is the theorem’s.

7. Unimodal is 10711379 (Check 4.1): At N = 64.

8. k bits compress at most 27 (Observation 4.4): From counting alone.

9. Only the measure changed (Observation 5.2): Not a property of the algorithm.
10. A different category from 311 (Observation 5.3): Objective against measure.

Closing: The no-free-lunch theorem says that averaged over all problems, every search performs alike.The theorem

is correct

what this paper asks is what that average is taken over, and the answer is a set containing almost no

structure.Ternary search on a one-humped function is 186.18 times faster at N = 16384 and reaches the exact

optimum in 100.00% of trials its evaluations grow 17 — 44, logarithmically, against random search’s
32 — 8192, linearly, so a 256-fold increase in scale opens the ratio from 1.88 to 186.18, and it grows without

at

bound.And yet the same ternary search, on functions whose values are random, loses to random search
0.9645, the sign reversed. It spends evaluations narrowing a bracket, and that bracket means nothing.This is the
no-free-lunch balance made visible——though what was measured is one pair of algorithms, and the exact account
belongs to the theorem. What is shown is the direction, not the amount.Counting the side being averaged over,
unimodal functions are 107113-7% of the whole at N = 64— —and the same holds for far weaker structure, since at
most 2% of objects compress by k bits, which follows from counting alone. “Having structure” means “being
writable briefly”, and things writable briefly are by definition almost absent.One thing separates them——which
measure is put on the set of problems. Uniform gives “every search alike” and it is correct; weighted to structure
gives “the structure-using search wins” and it is equally correct. The two do not contradict, and the difference comes
not from a property of the algorithm but from how the question was posed.This is a different category from Paper
311’s “the correct bound and the predictive bound are different things”——311 is what is maximised, this is what is
averaged over, and objective function and measure have different roots with no translation between them.One last
thing—“no free lunch” is not about the canteen but about the menu. Only 1011379 of the dishes the theorem

counts are ones anyone has ever eaten, and what we are actually paying for is the dishes that are not on it.
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