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ABSTRACT

The viscous drag on a sphere is 6wrulUa with a no-slip boundary and 47uUa with a perfectly slipping one. It is tempting to
read this as “6m = 47 + 2, so the 47 is the essential part and the 27 is what sticking adds”. This paper refutes that
reading by dissecting the drag. NO NEW FLUID MECHANICS IS CLAIMED. First, the no-slip 6 splits as

2 4+ 0 + 4 (in units of 7uUa): 2 from pressure, 0 from the normal viscous stress, 4 from the tangential one (computed
here) (Section 2). Second, the slip 4 splits as 4/3 + 8/3 + 0: 4/3 from pressure, 8/3 from the normal viscous stress, 0
from the tangential one. The boundary conditions (zero normal velocity, zero tangential traction) and the residual of the
Stokes equation were all verified to be 0 (Section 3). Third, and this is the core. The two 4s have opposite contents. The
4 inside the no-slip split is 100% tangential, with the normal part exactly zero; the 4 that IS the slip drag is 2/3
normal viscous and 1/3 pressure, with the tangential part exactly zero. The arithmetic 67 = 4w + 27 is true, but
that 4 is not the slip 4 (Section 4). Fourth, lifted to d dimensions the two coefficients share a factor. No-slip is

d- % and slip is 2 - Z%% (both times Vol(S471); checked at d = 3,4, 5, 6). The % is common, and the whole
difference between the two boundary conditions collapses to the single factor d against 2 (Section 5). Fifth, the two
3/2s that appear at d = 3 are also distinct roots. One is the ratio d/2, the other the no-slip coefficient

d(d — 2)/(d — 1), and at d = 4 they part company as 2 against 8/3 (Section 5). Sixth, the 6 of the Einstein—Stokes
relation D = kgT'/(6mpa) is not a property of the fluid but a modelling choice about the surface (Section 6).

Scope of this paper: NO NEW FLUID MECHANICS IS CLAIMED. Stokes flow, slip and no-slip boundary conditions
and the Einstein—Stokes relation are all standard. What is added is splitting the drag into three parts and showing that the
two 4s have disjoint support, fencing the reading “6w = 41 + 27” by counterexample, showing that in d dimensions

the two coefficients share a factor and differ only as d against 2, and writing addresses for the two 3/2s atd = 3.



1. Notation and position

Let u be the viscosity, U the uniform stream, a the radius. All drags are written in units of 7upUa (in d dimensions, of

Vol(S4 1) uUad2). The stress is 0;j = —pdi; + p(diuj + Oju;).

Position: Paper 43 argued that leaving a patch constant as a letter removes the ambiguity of a decomposition. This
paper runs that check in the other direction: whether a decomposition that is numerically correct can carry more
than one meaning. A companion piece (Paper 36) studies the same drag with the dimension moved, and shows that the 7

of 6 is a solid angle.

2. No-slip: 6 =2+4+0+4

Verification 2.1: Take the stream function ¥ = U%nzo (7'2 — %ar + ‘2‘—:) and the pressure p = —% pUacos/r%. Then
Up|r—q and Ug|r—g both 0
as r — 00 Ucosfand —Usin6
Vp — uViu 0
On the sphere o, = w and 0,9 = —%. Integrating,
contribution in units of TuUa
pressure 2
normal viscous 2u8,u, 0
tangential viscous o¢ 4
total 6
(QED)

Observation 2.2

Note that the normal viscous contribution is exactly zero. This matters later.



3.8lp:4=4+3+0

Verification 3.1: Perfect slip means zero normal velocity and zero tangential traction. With ¢ = %”’20 (r2 - ar) and

p=—uUacosf/r?,

Uy | r=a

|

Org | r=a 0

Vp — uVu 0

and integrating,

contribution in units of muUa

pressure 4/3
normal viscous 8/3
tangential viscous 0 (by construction)
total 4
(QED)

4. The core: the two 4s have opposite contents

Observation 4.1

pressure normal viscous tangential viscous

no-slip 2 0 4 6

slip 4/3 8/3 0 4



Observation 4.2

The 4 inside the no-slip split is made of tangential stress alone (the normal viscous part being exactly zero).
The 4 that is the whole slip drag is made of 2/3 normal viscous stress and 1/3 pressure (the tangential part

being exactly zero). The same number, and the supports of its components do not meet.

Observation 4.3

So the reading “67 = 47 + 2, the slip answer plus a 27 correction for sticking” is wrong. No component of
the split is the slip flow — slip is a different solution, not a part of the no-slip one. The equation holds as

arithmetic and fails as meaning.

Observation 4.4

This is a shape the corpus has met before — numbers agreeing does not make roots the same (Papers 43 and

45).

5. d dimensions: the difference is d against 2

Verification 5.1: Solving the same problem in d dimensions (in units of Vol($4~)uUa?-2),

d no-slip slip ratio
3 3/2 1 3/2
4 8/3 4/3 2

5 15/4 3/2 5/2
6 24/5 8/5 3

All four agree with

SH

no-slip=d- ——, slip=2- Z

= DN

-2 no-slip
1 slip

.
| Q.

(computed here). (QED)



Observation 5.2

is common to both. The difference between clinging to a surface and sliding along it —

The factor 2
d

physically two quite different conditions — collapses to the single factor d against 2.

Observation 5.3

And the two 3/2s that appear at d = 3 are distinct roots. One is the ratio d/2; the other is the no-slip
coefficient d(d — 2)/(d — 1). They coincide at d = 3 only because 2(d — 2)/(d — 1) =1 there, and atd = 4
they part as 2 against 8/3.

Observation 5.4

Both carry (d — 2), so both die at d = 2. Stokes' paradox does not care which boundary condition was

chosen.

6. The 6 of Einstein—Stokes

Observation 6.1

The 6 in the diffusion constant D = kgT'/(6mpa) is the no-slip coefficient. With perfect slip the same relation
reads kgT'/(4mpa), so D is larger by 3/2.

Observation 6.2

A factor of one and a half in a measured diffusion constant therefore rides on a modelling choice about the
surface, not on a property of the fluid. The fluctuation side (kpT") has not moved — only the mobility side

has.




Observation 6.3

So 67 must not be treated as a universal constant. At molecular scales the slip length is known not to vanish,
and the effective coefficient sits between 4 and 67. The 6 is not a fact but the name of a boundary condition

that was chosen.

7. The census

Observation 7.1

the number where it comes from what moves it
the no-slip 4 tangential stress alone the boundary condition
the slip 4 2/3 normal viscous, 1/3 pressure the boundary condition
the o inside Vol(§4971) the dimension
(d—2)/(d-1) common to both the dimension
d against 2 the boundary condition itself the boundary condition

8. Conclusion

1. The no-slip 6 is 2 + 0 + 4 (Ver. 2.1): the normal viscous part is exactly zero.
2. The slip 4 is 4/3 + 8/3 + 0 (Ver. 3.1): the tangential part is exactly zero.
3. The two 4s have disjoint support (Obs. 4.2): “47 plus a correction” is wrong.
4. In d dimensions the common factor is (d — 2)/(d — 1) and the difference is d against 2 (Ver. 5.1).
5. The two 3/2s at d = 3 are distinct roots (Obs. 5.3): 2 against 8/3 at d = 4.
6. The 6 of D = kgT'/(6mua) is a modelling choice (Obs. 6.2).
Closing: On a calculator, 6 = 47 + 27 is correct. But one of those 47s is the whole of a flow that slides past the

sphere, and the other is a part of a flow that clings to it. Seeing the same number, the question to ask is not whether

they are equal but what each is made of.
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