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Abstract

Paper 300 wrote that numerical agreement alone is not taken as a common root.This paper asks what then does
establish one——the answer is a bijection, not a count of agreeing terms.No new theorem or law is claimed. First,
four independent counts agree exactly fromn = 0 to 8 (1,1, 2,5, 14,42,132, 429, 1430) (Section 2). Second,

C1o = 16796, and (27?) /(n + 1) divides exactly for every n from 0 to 19 (Section 2). Third, and this is the core of the
paper.The central binomial coefficient also agrees at n = 0 and parts company at n = 1, 2 against 1. The number of
agreeing terms is not the strength of the evidence (Section 3). Fourth, the four share a root because a bijection can be
constructed (Section 4). Fifth, the asymptotic 4"/ (n3/ 2,/) is off by 11.38 per cent at n = 10 and 0.11 per cent at

n = 1000 (Section 3). Sixth, the separator is “agreement on finitely many values” against “a constructed

correspondence” (Section 5).




Scope of this paper (scope note): No new theorem or law is claimed the Catalan numbers, the agreement of these

four counts, bijective proofs and the asymptotic form are all known in combinatorics.No bijection is constructed

the explicit correspondences (rotation maps, depth-first encodings) are known; this paper uses only their existence.No

combinatorics is built generating functions and the general theory of lattice paths are not entered. Four sequences
are counted and compared.Other coincidences are not treated——agreements among Fibonacci or Bell numbers are
not the subject.Probability is not treated——how likely a chance agreement is is not the subject. Only that the number
of agreements is not evidence.The definition of “common root” is unchanged——the criterion of Paper 300 is used as
it stands.Relation to earlier papers: Paper 300 showed that same-root and different-root can be decided——this paper
supplies one example on the “same root” side.Paper 400 showed that a numerical coincidence can look like meaning
——here, by contrast, is a genuine common root.Paper 388 showed two different quantities converging to one constant
——that was agreement in the limit, and not a common root.Paper 398 showed one operation becoming different

quantities by position here different operations become one quantity.What is added is implementing the four counts

independently and confirming agreement from n = 0 to 8, showing that the central binomial coefficient agrees at
n = 0 and diverges at n = 1, confirming the recurrence as an independent route, giving the asymptotic error at

n = 10 and n = 1000, and placing the separator at “finitely many agreements or a constructed correspondence”.

1. Notation and the Question

Setting: let Cp, = (2;) /(n+ 1) and count the following four independently. (a) balanced parenthesis strings of length
2n. (b) binary trees on n nodes. (¢) triangulations of a convex (n + 2)-gon. (d) n X n lattice paths not crossing the

diagonal.

Observation 1.1

the four are entirely different objects.Strings, trees, polygons, paths nothing in the definitions says why

the counts should agree.

Observation 1.2

Paper 300 wrote that numerical agreement alone is not a common root.There is a criterion so: do these

four meet it?




Observation 1.3

adding more agreeing terms does not produce evidence.Finitely many can always be arranged——what is

needed is a different kind of evidence.

Question: when may agreement of numbers be called a common root?

2. Four Counts Agree Exactly fromn = 0 to 8

Computation 2.1: the four counted independently (computed in this paper).

(a) strings (b) trees (¢) triangulations (d) paths
0 1 1 1 1 1
1 1 1 1 1 1
2 2 2 2 2 2
3 5 5 5 5 5
4 14 14 14 14 14
5 42 42 42 42 42
6 132 132 132 132 132
7 429 429 429 429 429
8 1430 1430 1430 1430 1430

Observation 2.2

all four agree in all nine rows.Separately implemented counts and they agree with (2:) /(n + 1) as well.

Observation 2.3

C19 = 16796.An independently known value——neither the formula nor the implementations are off.




Observation 2.4

('?) is always divisible by n 4 1.Confirmed for n = 0 to 19— —that it is an integer at all is not an accident.

Observation 2.5

the recurrence Cp, 1 = Zz C;Cp_; also holds for n = 0 to 12.An independent route closed form and

recurrence return the same numbers.

Observation 2.6

that is nine agreeing terms and two independent formulae.It looks sufficient and it is still not evidence of

a common root.

3. The Central Binomial Coefficient Also Agrees at n = 0

Computation 3.1: a control for false agreement (computed in this paper).

n G ()

0 1 1 (agrees)
1 1 2 (parts)
2 2 6

3 5 20

10 16796 184756

Observation 3.2

this is the core of the paper.They agree at n = 0 and part at n = 1——whether one term agrees, or two, or

nine, that is not evidence of a common root. It is only a count.




Observation 3.3

atn = 10 the gap is exactly a factor of 11.16796 and 184756——look at the first term alone and they are the

same sequence.

Observation 3.4

the asymptotic form is another agreement that is not one.4"/(n%2,/r)

1.13 at n = 100 and 0.11 at n = 1000.

off by 11.38 per cent at n = 10,

Observation 3.5

the error shrinks with n and never becomes zero.The ratio only approaches one

approaching and being

equal are different.

Observation 3.6

the shape is that of Paper 388.There two different quantities went to the same 1/e a shared limit is not a

shared root, and approaching is not evidence.

4. The Evidence of a Common Root Is the Correspondence Itself

Observation 4.1

the four share a root because a bijection can be constructed.Between strings and trees, between strings and

paths, and so on

a rule mapping each object to one object.

Observation 4.2

a bijection is stronger than agreement of numbers.It contains equality of counts and adds “which

corresponds to which”——the numerical agreement is a corollary of it.




Observation 4.3

so a bijection gives agreement at every nn.Not a check of finitely many

and the number of checks stops

mattering.

Observation 4.4

the central binomial coefficient admits no such correspondence.The agreement at n = 0 is only that both

happen to be 1

try to build a map and it fails at n = 1.

Observation 4.5

this is precisely what the criterion of Paper 300 says.Numerical agreement alone is not a common root——

this paper sets an example that meets it and one that does not on the same page.

Observation 4.6

the criterion has the same shape in physics.Getting the same equation is not a common root; the same

variables must play the same parts a separator this corpus has used repeatedly.

5. Separator: Finitely Many Agreements, or a Constructed Correspondence

Observation 5.1

separator

is the agreement over finitely many values, or is there a correspondence between the objects.

Relation Agreement Bijection Common root

Strings and trees every n exists yes
Cp and (2:) onlyn =0 none no

C, and the asymptotic nowhere none no



Observation 5.2

the third row agrees nowhere and resembles most closely.0.11 per cent at n = 1000——resembling and

sharing a root are entirely different.

Observation 5.3

the second row agrees once and is wholly unrelated.Parting atn =1 counting agreements gives no

ordering.

Observation 5.4

no numbers need be looked at.

the third column alone decides.Is there a bijection

Observation 5.5

to be honest this paper constructs no bijection; it uses the existence of known ones.The constructions are

in the textbooks what does not move is that agreement at 7 = 0 is not evidence and that they part at

n=1.

Observation 5.6

one last thing—“nine terms agreed” is a quantity of evidence, not a kind.Ten or a hundred does not

change the kind——what changes the kind is writing down one correspondence.

6. Roll Call and Closing

1. Four counts agree for n = 0--8 (Computation 2.1): 1,1,2,5,14,42,132, 429, 1430.
2. Cip = 16796 (Observation 2.3): an independently known value.

3. (2:) divides by n 4+ 1 (Observation 2.4): checked for n = 0--19.

4. The recurrence agrees too (Observation 2.5): an independent route.

5. (*") also agrees atn = 0 (Computation 3.1): 2 against 1 at n = 1.



6. A factor of 11 at n = 10 (Observation 3.3): identical if only the first is seen.

7. Asymptotic: 11.38 — 1.13 — 0.11 per cent (Observation 3.4): approaching, never zero.

8. A bijection is stronger than agreement (Observation 4.2): it says which is which.

9. One agreement and all agreements differ in kind (Observation 5.3): counting gives no ordering.

10. What changes the kind is one correspondence (Observation 5.6): not the quantity.

Closing: Paper 300 wrote that numerical agreement alone is not taken as a common root so what does establish

one.With the Catalan numbers, four entirely different kinds of object give the same count

implementing
parenthesis strings, binary trees, triangulations and lattice paths separately, all four agree in all nine rows from
n=0to8:1,1,2,5,14,42,132,429, 1430, matching (**) /(n + 1) as well. C1g = 16796 matches the independently
known value, (2;:) is divisible by n 4 1 for n = 0 to 19, and the recurrence Cpy1 = Y _; C;Cp_; holds for n = 0 to 12.
Nine agreeing terms and two independent formulae——it looks sufficient.And it is still not evidence——the central
binomial coefficient (2:) also agrees at n = 0, both being 1, and parts at n = 1 with 2 against 1. At n = 10 the gap is
exactly a factor of 11 (184756 against 16796), yet from the first term alone they look like the same sequence.

Whether one term agrees or nine, that is not evidence of a common root. The asymptotic form is more misleading

still: it agrees nowhere and yet closes to 11.38 per cent at n = 10, 1.13 at n = 100 and 0.11 at » = 1000 as in
Paper 388, approaching is not evidence.The four share a root because a bijection can be constructed——between
strings and trees, strings and paths, and so on, there is a rule mapping each object to one object. A bijection is
stronger than agreement of numbers: it contains the equality of counts and adds which corresponds to which, so the
numerical agreement is a corollary. It therefore gives agreement at every n, and the number of checks stops

mattering. The central binomial coefficient admits no such map: the agreement at n = 0 is only that both happen to

be 1, and any attempt fails at n = 1.0ne thing does the separating is the agreement over finitely many values, or
is there a correspondence between the objects. The asymptotic agrees nowhere and resembles most closely; the

central binomial agrees once and is wholly unrelated

resembling and sharing a root are entirely different, and
counting agreements gives no ordering. The question “is there a bijection” decides it alone, with no numbers looked

at. This is precisely what the criterion of Paper 300 says, and this paper sets an example that meets it and one that

does not on the same page.To be honest this paper constructs no bijection; it uses the existence of known ones,
whose constructions are in the textbooks. What does not move is that agreement at n = 0 is not evidence and that

they part at n = 1.0ne last thing

“nine terms agreed” is a quantity of evidence, not a kind. Ten or a hundred

does not change the kind. What changes the kind is writing down one correspondence.
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