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Abstract

When  kinds of prize come out one at a time with equal probability, how many draws are needed to collect them all

(the coupon collector’s problem)?Where those draws are spent is counted.No new theorem or law is claimed. First,

collecting  kinds takes  draws on average——holding  kinds, a new kind takes  draws

on average, and the sum is  times . Collecting  times with random numbers gave a

mean of , within  standard errors of the formula (Section 2). Second, and this is the core.More than a

fifth of it is spent waiting for the last kind——once one kind remains, it takes  draws on average,  of the

whole. With  kinds the share is , with  kinds ; it falls only slowly as the kinds increase

(Section 2). Third, the whole and the last kind spread differently——the median of the whole is  draws,

 times the mean, close to it, but the median wait for the last kind alone is  draws,  times its mean of

. For a single wait the median is about  times the mean; adding many waits brings the ratio near  (Section 3).

Fourth, the separator is the least likely kind——with  kinds of weight  and one of weight , that kind has

probability , waiting for it alone takes  draws on average, and collecting everything takes ,

 times the equal case. The integral formula and random collection agreed for weights , ,  and 

(Section 4). Keywords: coupon collector’s problem, harmonic numbers, expected value, last coupon, median.

— —



Scope of this paper (scope note): No new theorem or law is claimed——that the mean number of draws is the number

of kinds times the harmonic number, that its distribution approaches a fixed shape for many kinds (Erdős and Rényi,

), and that the mean for unequal probabilities is given by an integral (Flajolet, Gardy and Thimonier, ) are

all known.The design or sale of lotteries is not discussed——the weight of the rare kind is an example for seeing the

mechanism.Limits of the distribution are not treated——only the means for ,  and  kinds and the random

distribution for  kinds are looked at.Relation to earlier papers: Paper 554 showed that although a control chart runs

 points on average before a false alarm, half alarm within  points (the median is close to  times the mean)

——the last kind here is a wait of that type, and the whole is the sum of  of them, so the ratio of median to mean

approaches .What is added is giving, for each number of kinds, the share of the draws taken by the last kind, setting

the ratio of median to mean side by side for the whole and the last kind, and placing the separator on the least likely

kind and checking it with the formula and random collection for several weights.

1. Notation and the Question

Setting:  kinds of prize come out one per draw, each with probability . Let  be the number of draws until

every kind has appeared at least once.Holding  kinds, a new kind appears with probability , so the mean

number of draws to the next new kind is . Adding these gives

The bracket is called the harmonic number .

Question: how much of  is spent waiting for the last kind, what is the shape of the spread, and what happens if

one kind is less likely?

2. The Mean and the Last Kind

Computation 2.1: from the harmonic numbers the mean and standard deviation were found, together with the share

of the whole taken by the  draws spent on the last kind.

kinds mean standard deviation share of the last kind



Computation 2.2: independently of the formula,  kinds were collected  times with random numbers.The

mean was  draws; its difference  from the formula is within  times the standard error

.

Observation 2.3

this is the core: more than a fifth of the draws are spent waiting for the last kind.The first kind comes in 

draw, but with one kind left, only one draw in  brings something new——those  draws are  of

the whole . The share is , falling only from  to  when  grows tenfold.

3. The Shape of the Spread

Computation 3.1: the distribution of the  random collections was examined.The median was  draws;

 finished at or below the mean and  took more than twice the mean. The ratio of median to mean is

.

Computation 3.2: the wait for the last kind alone is the number of draws until an event of probability  occurs.Its

median is  draws,  times the mean of , close to .

Observation 3.3

the whole and the last kind spread differently.A single wait stretches far to the right, pulling the median

down to about  times the mean. The whole is the sum of  waits, which evens out the stretch and brings

the ratio of median to mean close to ——still, the median  of the whole is below the mean :

more than half of collectors finish sooner than the mean.

Observation 3.4

beside Paper 554.Paper 554 showed that although a control chart runs  points on average before a false

alarm, half alarm within ——the last kind here is a wait of that type, with a median  times its mean.

The whole number of draws is the sum of  waits of that type.



4. The Separator

Computation 4.1: with  kinds of weight  and one kind of weight , the mean number of draws was found

numerically from the integral formula

and compared with random collection (  times each). The integral reproduced  in the equal case.

weight probability of the rare kind mean wait for it alone mean to collect all random

For every weight, the integral and random collection differed by less than  standard errors of the random mean.

The mean for  is  times the equal case.

Observation 4.2

the separator is the least likely kind.With weight , waiting for that kind alone takes  draws on

average, most of the  needed for everything——the other  kinds are usually complete while

one waits for it. The number of draws comes to be decided less by the number of kinds than by the

probability of the least likely one.

Observation 4.3

what is not said.The design or sale of lotteries is not discussed, and the limiting shape of the distribution is

not entered——what is shown is the share of the mean taken by the last kind, the different spreads of the

whole and the last kind, and what dominates when one kind is rarer.

5. Roll Call and Closing



1. mean for  kinds  (Computation 2.1): .

2. random mean  (Computation 2.2): within  standard errors.

3. the last kind takes  (Computation 2.1): the core.

4.  for  kinds,  for  (Computation 2.1): falling only slowly.

5. median of the whole , ratio  (Computation 3.1): close to the mean.

6. the last kind alone: median , ratio  (Computation 3.2): close to .

7. a single wait stretches; a sum evens out (Observation 3.3): the type of Paper 554.

8. one kind at weight : mean  (Computation 4.1):  times.

9. the  draws for that kind are most of it (Observation 4.2): the separator.

10. integral and random agree for four weights (Computation 4.1): two routes.

Closing: Collecting all of  equally likely kinds takes  draws on average.More than a fifth of that is

spent waiting for the last kind——with one kind left, only one draw in  brings something new, and those  draws

are  of the whole. The share is the reciprocal of the harmonic number and is still  for 

kinds.The whole and the last kind spread differently——for the last kind alone the median is  times the mean,

while for the sum of  waits it is  times.The separator is the least likely kind——making one kind ten times

less likely raises the mean to , -fold, and the  draws spent waiting for it take up most of

it.Placed among the earlier papers——it looks at what is evened out, and what remains, when  waits of the type

seen in Paper 554 are added.To be honest——the limiting shape of the distribution is not entered, and the design of

lotteries is not discussed.
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