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From thinking to syncing.

Positioning of this paper

This paper offers a structural interpretation of established physical laws and mathematical theorems. It claims neither the

discovery of new physical laws nor the proof of open problems. The algebraic relations presented are transformations of known

expressions; the aim is to propose a geometric reading of them. No claim contradicting established theory is made.

ABSTRACT

Paper 60 established that the rest energy in the  representation can be written as , where 

is the sectional curvature of the hyperbolic velocity space (Varičak, 1910). The Einstein field equation establishes

, making spacetime curvature proportional to energy-momentum. This paper observes that these two

relations operate in opposite directions, with energy  serving as a hinge: velocity-space curvature determines energy (

), while energy determines spacetime curvature ( ). Three structural observations follow: (1) composing

the two yields an inverse relationship where the intermediate parameter  cancels algebraically (Proposition 3.1); (2) both

curvatures are physically measured as holonomies—Thomas precession for velocity space, geodetic/Lense–Thirring

precession for spacetime—which are the same mathematical structure in different arenas (Proposition 4.1); (3) both arenas

live on the tangent bundle  of spacetime, with the Riemann curvature governing the base and the hyperbolic curvature

governing the fiber, unified by the equivalence principle as fiber constancy (Proposition 5.1). No new prediction is made;

the duality is a structural re-organization of known relations. Whether it possesses content beyond re-organization is stated

as an explicit open problem.

— —



1. Introduction

Paper 60 showed that the rest energy , when  is replaced by  (the Yamagishi solid-angle patch), takes the form

. Because the velocity space of special relativity is a hyperbolic 3-space of sectional curvature 

(Varičak, 1910; cf. Rhodes & Semon, 2004), this is equivalently

where  is the full solid angle (Paper 01) and  is the squared curvature radius. The curvature  is

physically measured as Thomas precession.

Independently, the Einstein field equation (Einstein, 1915)

relates the curvature of spacetime (left) to the energy-momentum content (right).

The aim of this paper is to observe that these two relations are structurally dual: one says "curvature determines energy,"

the other says "energy determines curvature." The observation is elementary, but the structural pattern it reveals—energy as

a hinge, holonomy as the common measurement, and the tangent bundle as the common habitat—suggests that the two

curvatures, though living in different arenas, may not be unrelated.

What this paper does not do. It does not derive, prove, or predict anything beyond what is already known. The hinge

structure is a re-organization; whether it has deeper content is an open problem.

2. Review: The Two Curvature Relations

2.1 Velocity-space curvature determines energy (Paper 60)

In special relativity, the set of physically admissible velocities  carries a natural Riemannian metric induced by the

Lorentz group. Under this metric, velocity space is a 3-dimensional hyperbolic space  of constant sectional curvature

 (Varičak, 1910; Ungar, 2001; Rhodes & Semon, 2004). The curvature radius is .

Under the  patch:



Direction: curvature → energy. The curvature  is given (by the value of ), and  follows.

2.2 Energy determines spacetime curvature (Einstein, 1915)

The Einstein field equation states that the Einstein tensor  (a measure of spacetime curvature) is proportional to the

energy-momentum tensor . Under  (Yamagishi patch, Paper 35):

Direction: energy → curvature. The energy-momentum  is given, and the spacetime curvature follows.



3. The Hinge Structure

Proposition 3.1 (Energy as hinge)

The two curvature relations operate in opposite directions:

Arena Relation Direction

Velocity space curvature → energy

Spacetime energy → curvature

Energy  is the hinge: it is determined by velocity-space curvature and determines spacetime curvature.

Composing the two:

In the composition, the parameter  cancels: since , we have .

The intermediate variable  drops out, leaving only the solid angle .

Caveat (self-limitation). The cancellation  is tautological (since ). That the intermediate

parameter cancels when dual relations are composed is a general algebraic property, not specific to physics. The

structural content, if any, lies in the question: why does the same  appear as both the curvature parameter of

velocity space and the conversion factor in the Einstein equation? This question is not answered here.



4. Two Holonomies

Proposition 4.1 (Both curvatures are measured as holonomies)

Curvature, in differential geometry, is the holonomy: the failure of parallel transport around a closed loop to return

to the identity. Both curvatures of this paper are measured as holonomies:

Arena Holonomy Measurement

Velocity

space

Thomas precession (Wigner rotation) Spin-orbit coupling (  factor) in atomic fine structure

(Thomas, 1926)

Spacetime Geodetic precession (de Sitter) Gravity Probe B:  mas/yr (Everitt et al., 2011)

Spacetime Lense–Thirring precession (frame

dragging)

Gravity Probe B:  mas/yr

Thomas precession and geodetic/Lense–Thirring precession are the same mathematical structure (parallel-

transport deficit around a closed path), realized in different spaces.

Corollary 4.2 (Duality of precessions)

Since  with  measured by Thomas precession, and  measured by geodetic precession, both

sides of the hinge (Proposition 3.1) are independently measurable as precession phenomena. The "velocity-space

curvature ↔ spacetime curvature" duality is, experimentally, a "Thomas precession ↔ geodetic precession"

duality.



5. The Tangent Bundle

Proposition 5.1 (Both curvatures live on )

The tangent bundle  of spacetime  is the space of all pairs  where  is a spacetime event and

 is a velocity at . At each point , the fiber  contains the velocity space . Hence:

The base  carries the Riemann curvature  (horizontal curvature).

Each fiber carries the hyperbolic curvature  (vertical curvature).

The Einstein equation governs the base.  characterizes the fiber. Both curvatures live on the same

geometric object , in complementary (horizontal/vertical) directions.

Corollary 5.2 (Equivalence principle as fiber constancy)

The equivalence principle guarantees that at every , the tangent space  is Minkowskian. Hence

 is the same at every point (the locally measured speed of light is always ). The base curvature

 varies (gravity varies from place to place), but the fiber curvature  is uniform. This is the vertical

expression of the equivalence principle.

Note on varying-  theories. In theories where  is position-dependent (Moffat, 1993; Albrecht & Magueijo, 1999), the

fiber curvature  would vary over the base. The duality of this paper would then acquire content beyond

re-organization: the fiber curvature would become a dynamical quantity coupled to the base. This paper does not advocate

varying-  theories; it records the observation.



6. Scope of the Claims

What is established

1.  (Paper 60) and the Einstein equation  operate in opposite directions, with energy as the hinge

(Proposition 3.1).

2. Both curvatures are measured as holonomies of the same mathematical type (Proposition 4.1, Corollary 4.2).

3. Both live on complementary parts of the tangent bundle  (Proposition 5.1, Corollary 5.2).

What is not established

· That this duality constitutes a new physical law or produces a new prediction.

· That the cancellation  has content beyond tautology.

· That the tangent-bundle reading modifies any equation of motion.

Open problems

· Does the duality acquire non-trivial content in the symplectic geometry of phase space ? In the ADM

formalism of general relativity, the Hamiltonian constraint relates spatial curvature to energy density. If

 can be embedded in the ADM constraint, the duality may connect kinematic (velocity-space) and

dynamic (spacetime) curvatures within a single Hamiltonian framework.

· In Schwarzschild spacetime, the coordinate speed of light varies: . Defining

 yields position-dependent fiber curvature. Does  reproduce the gravitational

redshift? If so, is this a re-derivation or a genuine geometric insight?

7. Conclusion

1.  (velocity-space curvature determines energy) and  (energy determines spacetime curvature)

are structurally dual, with energy as the hinge. Composing them, the parameter  cancels.

2. Both curvatures are measured as holonomies: Thomas precession (velocity space) and geodetic precession (spacetime).

3. Both live on the tangent bundle : spacetime curvature is horizontal, velocity-space curvature is vertical. The

equivalence principle is the constancy of the fiber curvature.



This paper claims no new physical law. It observes that two fundamental curvature relations are connected by energy as a

hinge, measured by the same mathematical structure (holonomy), and housed in complementary parts of the tangent bundle.

Whether this structural duality possesses content beyond re-organization is an open problem.
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