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Abstract

Deeper networks are said to represent more. That is true only when something bends between the layers.The cases
where depth is worth nothing and where it is worth an exponential are set side by side with the same parts.No new
theorem or law is claimed. First, linear layers stacked are one layer——three layers against their product: a largest
relative difference of 5.192 x 1071 (Section 2). Second, what a line cannot make, depth cannot make——the best

line fit to |z| leaves a mean squared error of 0.083342 (Section 2). Third, two bends make it exactly——two ReLUs

give |z| with error 0 (Section 2). Fourth, and this is the core. With bends, depth acts exponentially composing the

tent map L times gives 2L pieces, 1024 at L = 10 (Section 3). Fifth, a shallow build needs units by orders the
same 1024 pieces take 20 ReLUs in depth and 1023 in one layer, a factor of 51.150000 (Section 3). Sixth, the

separator is whether a nonlinearity such as ReLU sits between the layers

the value of depth splits into zero or
exponential, with nothing between (Section 4). Keywords: activation function, ReLU, composition of linear maps,

piecewise linear, depth and expressiveness, presence of a nonlinearity.




Scope of this paper (scope note): No new theorem or law is claimed that compositions of linear maps are linear, the

counting of pieces in piecewise-linear networks, and the difference depth makes to expressiveness are all known

(Telgarsky 2016, Goodfellow 2016).Learning is not treated how weights are found is not treated; only

representable functions are counted.One dimension only inputs are one-dimensional and expressiveness is counted
as pieces.No real network is claimed——particular networks and tasks are not treated.The shallow count is limited in

meaning the units needed in one layer are those for building a one-dimensional piecewise-linear function.Relation

to earlier papers: Paper 330 showed that the squaring of the condition number in the normal equations is an identity,
not an approximation——there a product of matrices worsened conditioning, as an identity. Here stacking linear
layers yields one layer, also as an identity, and the product erases depth. What a product of matrices increases, and
what it erases.What is added is confirming numerically that three linear layers equal one, showing that a line leaves
1/12 on |z|, counting 2% pieces for the composed tent map up to L = 10, showing that a shallow build needs

51.150000 times the units, and placing the separator on the presence of a nonlinearity.

1. Notation and the Question

Setting: let each layer be a matrix Wj. Without a nonlinearity, stacked layers are a product of matrices. ReLU is

max(0, ) and makes one bend.
WsW,Wiz = (WsWaWi)z,  |o| = ReLU(z) + ReLU(—z),  (z) = 2ReLU(z) — 4ReLU(z — 1)
t is the tent map taking [0, 1] to [0, 1], written with two ReLUs.

Question: what does making a network deeper increase?

2. Linear, Depth Does Nothing

Computation 2.1: three random 6 x 6 matrices were stacked, and 200 inputs were passed through them and through

their product.
largest relative difference, three layers against one 5.192 x 10715
mean squared error of the best line fit to |z| 0.083342
difference from 1/12 8.335 x 107°

error of || built from two ReLUs 0



Observation 2.2

three linear layers are exactly one layer.The outputs differ only by rounding, 5.192 x 10~*—they are

equal not approximately but by the identity of the matrix product.

Observation 2.3

so what a line cannot make, depth cannot make.The best line on [—1, 1], the constant 0.5, leaves 0.083342,

matching 1/12——no number of layers removes any of it.

Observation 2.4

two bends bring the error to 0.Because |z| = ReLU(z) + ReLU(—z)——what increased the representable

was the bend, not the layer count.

3. With Bends, Depth Acts Exponentially

Computation 3.1: the tent map was composed L times, and its linear pieces on [0, 1] counted by changes in the

direction of slope.

ReLUs in depth pieces ReLUs needed in one layer
1 2 2 1
2 4 4 3
3 6 8 7
4 8 16 15
6 12 64 63
8 16 256 255

10 20 1024 1023



Observation 3.2

this is the core: the pieces number exactly 2L Each further composition folds every existing piece into two

—the same two ReLLUs add nothing when linear and double the pieces when composed.

Observation 3.3

a shallow build needs units by orders.In one dimension a function of 1024 pieces needs one ReLU per bend
in a single layer, 1023, against 20 in depth, a factor of 51.150000——what depth earns is an exponent in the

number of bends.

Observation 3.4

the value of depth does not grow continuously.Zero without nonlinearity, exponential with it, and no form

between ‘“a little nonlinear, a little gain” does not hold in the count of pieces.

4. The Separator

Observation 4.1

the separator is whether a nonlinearity such as ReLU sits between the layers.Without it depth is worth zero;

with it, an exponential——*“deeper is stronger” has no truth value until this condition is stated.

Observation 4.2

beside Paper 330.Paper 330 showed that the condition number’s squaring in the normal equations is an

identity, not an approximation there the product of matrices worsened conditioning; here it erases

depth. Both are identities, the two sides of what a product increases and erases.




Observation 4.3

what is not said.L.earning, multidimensional inputs and real networks are not treated; only pieces are
counted——what is shown is that the effect of depth splits into zero or exponential on the presence of a

nonlinearity.

5. Roll Call and Closing

1. three against one: 5.192 x 1071% (Computation 2.1): an identity.

2. line error 0.083342 (Computation 2.1): depth does not reduce it.

3. from 1/12 by 8.335 x 1075 (Observation 2.3): matching the closed value.

4. two ReLUs, error 0 (Observation 2.4): the bend makes it.

5. pieces 2L (Computation 3.1): the core.

6. 1024 pieces at L = 10 (Computation 3.1): 20 ReLUs.

7. 1023 in one layer (Computation 3.1): by orders.

8. a factor of 51.150000 (Observation 3.3): what depth earns.

9. zero or exponential (Observation 3.4): nothing between.

10. a nonlinearity between layers (Observation 4.1): the separator; Paper 330.

Closing: Linear layers stacked any number deep are exactly one layer, and one bend between them doubles the

pieces at every layer.Three linear layers and their product differ on 200 inputs by at most 5.192 x 10~%, equal by
so the 0.083342 (1/12) left by the best line fit to |z| is not reduced by any

the identity of the matrix product
number of layers.Two ReL.Us make |z| exactly, so what increased the representable was the bend, not the layer
count.And composing a two-ReLU tent map L times gives exactly 2L pieces, 1024 at L = 10: 20 ReLUs in depth
against 1023 in one layer, a factor of 51.150000——the value of depth is zero without nonlinearity and exponential
with it, with no form between.The separator is whether a nonlinearity such as ReL U sits between the layers.Placed

among the earlier papers

in Paper 330 a product of matrices worsened conditioning as an identity; here it erases

depth as an identity.To be honest learning, multidimensional inputs and real networks are not treated; only

pieces are counted.
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