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Abstract

Gradient descent seeks a minimum by walking downhill. If the landscape is a single valley, every start reaches the

same bottom.When there are two valleys, how much the start decides the destination is counted.No new theorem or

law is claimed. First, a non-convex function has two bottoms——a left minimum at  and a right

minimum at , with a maximum at  between (Section 2). Second, the two bottoms differ in depth

——  is  on the left and  on the right; the global minimum is on the left (Section 2). Third,

and this is the core. The start splits the destination, and nearly half reach the shallower bottom——of  starts, a

share  goes left and  right (Section 3). Fourth, the boundary is set by the position of the

maximum——the formula gives , differing from the grid share by  (Section 3). Fifth, if convex,

the start does not matter——all  points reach , with a spread of  (Section 3). Sixth,

the separator is whether the second derivative is positive everywhere or negative somewhere——“the minimum was

found by gradient descent” does not say which minimum until one says whether the function is convex (Section 4).
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Scope of this paper (scope note): No new theorem or law is claimed——that local minima of convex functions are

global, that for non-convex functions the destination of gradient descent is set by the basin of attraction of the start,

and that the basin boundary is a maximum are all known (Boyd and Vandenberghe , Nocedal and Wright 

).One dimension——only functions of one variable are considered; multidimensional landscapes with saddles are not

treated.One method——only plain gradient descent with step  is used; stochastic methods, momentum and

divergence at large steps are not treated.Uniform starts——  equally spaced points on  are the starts.No

real problem is claimed——particular learning or optimisation problems are not treated.Relation to earlier papers:

Paper 734 showed that what caps the step size is not the size of the gradient but the curvature in the steepest direction

——its scope note stated that it was limited to quadratic functions and would not treat non-convex surfaces or saddles.

There every start reached the same point. Here, on a non-convex surface, nearly half the starts reach a bottom that is

not the global minimum.Paper 507 is also cited——there a convex function returned to itself after two transforms.

Here a convex function sends every start to one point, and a non-convex one lets the start split the answer.What is

added is tabulating stationary points with the signs of their second derivatives, counting the destinations of  starts

and checking them against the position of the maximum, showing that for a convex function the spread stays at

, and placing the separator on whether the second derivative turns negative somewhere.

1. Notation and the Question

Setting: take a non-convex function  and a convex function , and descend with step .

 turns negative around , while  is positive everywhere. Starts are 

equally spaced points on .

Question: is the minimum gradient descent reaches decided by the function or by the start?

2. Two Bottoms

Computation 2.1:  was solved by bisection, giving stationary points, values and second derivatives.

stationary point position second derivative

left minimum

maximum

right minimum



Observation 2.2

a non-convex function has two bottoms of different depths.The left bottom is  and the right

, so the global minimum is on the left——between the two bottoms stands a maximum at

 where the second derivative is negative.

3. The Start Splits the Destination

Computation 3.1:  and  were descended from  starts, and destinations counted.

quantity value

starts reaching the left minimum of  (share )

starts reaching the right minimum of 

neither

share from the position of the maximum, 

destination for all  (spread )

Observation 3.2

this is the core: the start splits the destination, and nearly half reach the shallower bottom.The global

minimum is on the left, yet a share  of starts reached the right local minimum——gradient descent

seeks whichever bottom the downhill from the start leads to, and does not know which is deeper.

Observation 3.3

the boundary is set by the position of the maximum.Starts left of the maximum at  go left, those

right of it go right; the formula share  differs from the grid share by , less than the grid

step of ——the basins of attraction are fixed in advance by the shape of the function.



Observation 3.4

if convex, the start does not matter.For  all  points reached , with a spread of 

——with a single bottom, every descent ends at the same place.

4. The Separator

Observation 4.1

the separator is whether the second derivative is positive everywhere or negative somewhere.Positive

everywhere, the start has no effect; negative somewhere, the maximum around it divides the basins——“the

minimum was found by gradient descent” does not say which minimum until one says whether the function

is convex.

Observation 4.2

beside Paper 734.Paper 734 showed curvature capping the step size on quadratic functions, and stated that

non-convex surfaces would not be treated——there every start reached the same point; here, on a non-

convex surface, the start splits the destination.

Observation 4.3

beside Paper 507 as well.Paper 507 showed that a convex function returns to itself after two Legendre

transforms——convexity guarantees return under the transform, and indifference to the start under

descent.

Observation 4.4

what is not said.Multidimensional saddles, stochastic methods and real learning problems are not treated

——what is shown is that for a non-convex function the start decides the answer, with the boundary set by a

maximum.



5. Roll Call and Closing

1. left minimum  (Computation 2.1): the deep bottom.

2. right minimum  (Computation 2.1): the shallow bottom.

3. maximum  (Computation 2.1): the boundary.

4. depths  and  (Observation 2.2): global on the left.

5. right  (Observation 3.2): the core.

6. left  (Computation 3.1): grid share.

7. formula  (Observation 3.3): set by the maximum.

8. difference  (Observation 3.3): below the step.

9. convex  (Observation 3.4): start does not matter.

10. second derivative negative somewhere or not (Observation 4.1): the separator; Paper 734 and Paper 507.

Closing: For a function that is not convex, where you start decides the answer.  has a left

minimum at  ( ) and a right minimum at  ( ), with a maximum at

 between——the global minimum is on the left.Descending from  points on  splits them

 left and  right, so nearly half reach the shallower bottom; the boundary is set by the maximum,

the formula share  differing from the grid by ——gradient descent does not know which bottom is

deeper.For the convex  all  points reached , with a spread of .The

separator is whether the second derivative is positive everywhere or negative somewhere——“the minimum was

found by gradient descent” does not say which minimum until one says whether the function is convex.Placed among

the earlier papers——Paper 734 kept to quadratics and set non-convex surfaces aside; this counts, beyond that, the

start splitting the destination.To be honest——only one-dimensional functions are considered, with no saddles,

stochastic methods or real problems.
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