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Abstract

When the mean timber volume of a forest is estimated by measuring a limited number of plots, the way plots are

chosen changes the estimation error.This paper takes a forest with three strata, young, middle and old, derives the

variance of the estimate for thirty plots taken at random, allocated by area share, and allocated by stratum

variability, and confirms the formulas by random sampling from a synthetic forest.No new theorem or law is

claimed. First, most of the forest’s variance is difference between strata: with area shares ,  and  and

stratum means of ,  and  cubic metres per hectare, the within-stratum variance was  against a

between-stratum variance of  (Section 2). Second, allocating by area share removes between-stratum

differences from the error: taking thirty plots at random gives a variance of the estimated mean of ;

allocating ,  and  plots by area share gives , a ratio of  (Section 3). Third, allocating by

variability reduces it further: allocating ,  and  plots in proportion to area times variability gives a

variance of , a ratio of  to random (Section 3). Fourth, random sampling needs many times

more plots for the same precision: matching the area-share allocation takes  plots, and matching the

variability allocation . Taking  samples from a synthetic forest, the three variances matched the

formulas within ratios of  to  (Section 4). Fifth, the separator is whether plots are allocated by area share or

by the variability of each stratum: allocating by area share removes the luck of how many plots fall in each stratum.

Allocating by variability moves plots toward the strata that are hard to estimate, cutting error further with the same

number of plots (Section 5). Keywords: stratified sampling, proportional allocation, Neyman allocation, variance of the

estimate, survey sampling, forest inventory.
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Scope of this paper (scope note): No new theorem or law is claimed: stratified sampling, proportional allocation,

allocation matched to stratum variability (Neyman allocation), and the variance formulas for each are known in

sampling theory.No real forest is claimed: area shares, stratum means and variabilities, and the  plots are set values

corresponding to no particular forest or species.Stratum boundaries and costs are not treated: how to draw stratum

boundaries, strata with different measurement costs, and two-stage sampling within plots are not treated.Stratum

variability is assumed known: the allocation matched to variability is the value when the variability of each stratum is

known in advance.Relation to earlier papers: Paper 891, in its scope note, did not enter the whole forest, treated only

the volume of a single tree, and did not treat how to sample a whole forest; this paper sits in that seat of how to sample

a whole forest (no earlier occupant).Paper 581 showed that the age at which a forest takes up carbon fastest is not the

age at which it holds the most. Here it is counted how strata divided by stand age change the error in estimating mean

volume.What is added: splitting the forest’s variance into within and between strata, deriving the variances and ratios

for three allocations, finding the number of random plots needed for the same precision, confirming the formulas by

random sampling from a synthetic forest, and placing the separator on “allocating by area share, or by variability”.

1. Notation and the Question

Setting: divide the forest into strata  with area shares , stratum means  and within-stratum variabilities .

When the forest mean is estimated from  plots, the variances of the estimate under random sampling, area-share

(proportional) allocation and allocation matched to variability (Neyman allocation) are:

Neyman allocation gives stratum   plots.The check sets , ,

, , and samples  times from a synthetic forest of  trees, normally distributed

within each stratum.

Question: with the same number of plots, how should they be allocated to reduce the error in estimating the forest

mean?

2. The Breakdown of the Forest’s Variance

Computation 2.1: the overall mean was , the within-stratum variance  and the between-stratum

variance .



Observation 2.2

most of the forest’s variability is not within strata but between them.Mean volume differs sixfold between

young and old stands, and that difference makes up most of the forest’s variance: taking plots at random,

the luck of how many plots fall in each stratum brings this between-stratum difference into the error.

3. Three Allocations

Computation 3.1:  plots.

allocation plots per stratum variance of estimate standard error ratio to random

random by chance

area share , , 

matched to variability , , 

Observation 3.2

allocating by area share removes between-stratum differences from the error, and matching to variability

reduces it further.Allocating by area share drops the between-stratum variance  from the formula,

making the variance  times as large: matching to variability moves plots toward the more variable

old stratum, and even with fewer plots in the young stratum the overall variance falls to  times,

which is  of the area-share allocation.

4. Plots Needed for the Same Precision, and a Random Check

Computation 4.1: random sampling needs  plots to match area-share allocation and  plots to match

allocation by variability.

Computation 4.2: variances of the estimate from  samples of the synthetic forest (the variability allocation

rounded to ,  and  plots).



allocation random variance formula mean estimate

random

area share

matched to variability (rounded)

For all three, the ratio of random variance to formula lay between  and , and the synthetic forest’s mean

was .

5. The Separator

Observation 5.1

the separator is whether plots are allocated by area share or by the variability of each stratum.Allocating by

area share removes a large source of error, the difference between strata, and with the same  plots the

variance becomes  times as large: allocating by variability moves plots toward strata that are hard

to estimate even if small in area, and the variance becomes  times. Random sampling needs 

plots for the same precision.

Observation 5.2

what is not said.Real forests, how to draw stratum boundaries, differing costs by stratum, two-stage

sampling, and the case where stratum variability is unknown are not treated. What is shown is that dividing

into strata and allocating plots greatly reduces error for the same number of plots, and that the reduction

differs by allocation.

6. Roll Call and Closing

1. variance formulas for three allocations (Section 1): within and between strata.

2. within , between  (Computation 2.1): mostly between.

3. area share: ratio  (Computation 3.1): between-stratum differences removed.

4. matched to variability: ratio  (Computation 3.1): reduced further.



5.  random plots (Computation 4.1): needed for the same precision.

6. random and formula within  to  (Computation 4.2): confirmed on a synthetic forest.

7. area share, or variability (Observation 5.1): the separator; the scope note of Paper 891; Paper 581.

Closing: Stratifying a forest removes between-stratum differences from sampling error, and allocating more plots to

variable strata reduces it further.In a three-stratum forest, most of the overall variance was difference between

strata: with the same  plots, allocating by area share made the variance of the estimated mean  times that

of random sampling and allocating by variability  times, and random sampling needed  plots for

the same precision.The variances from random samples of the synthetic forest matched the formulas for all three:

the separator is whether plots are allocated by area share or by the variability of each stratum.Placed among the

earlier papers: the volume estimation that Paper 891 kept to a single tree was extended to how a whole forest is

sampled, and the forest divided by stand age in Paper 581 was counted as strata.To be honest: no real survey design

is claimed. How much the error of the same number of plots changes with allocation, and no further.
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