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Abstract

Quicksort with a randomly chosen pivot is fast on average, but can be slow with bad luck.This paper computes the

mean, variance and third moment of the number of comparisons exactly by recursion, bounds from the variance

alone the probability of exceeding one and a half or two times the mean, and compares these with the share that

actually exceeds them in random trials.No new theorem or law is claimed. First, the mean and variance can be

computed exactly by recursion and agree with the known formulas: at  the mean was  and

the variance ; the mean matched its formula within a relative  and the variance within .

The variance divided by  squared was  at  (limit ) (Section 2). Second, the spread

relative to the mean shrinks with n: standard deviation over mean was  at ,  at  and

 at  (Section 2). Third, the variance alone bounds the chance of running slow: the probability of

exceeding one and a half times the mean was at most  at ,  at  and  at ,

and of exceeding twice the mean at most  at  (Section 3). Fourth, the share that actually exceeds lies far

below the bound: in  trials at ,  exceeded one and a half times the mean ( ),  of

the bound. At ,  of  trials exceeded it (Section 3). Fifth, the separator is whether one bounds with the

variance alone or looks at the shape of the distribution: a bound from the variance alone is the worst case over all

distributions with that variance. The actual distribution has a long upper tail (skewness ), but that tail is

far thinner than the variance-only bound (Section 4). Keywords: quicksort, number of comparisons, variance, Cantelli’s

inequality, tail probability, random pivot.
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Scope of this paper (scope note): No new theorem or law is claimed: the mean  and the variance

formula for comparisons in random-pivot quicksort, the limit  of the variance divided by  squared,

Cantelli’s inequality bounding tails by the variance alone, and that stronger tail bounds are known are all

established.Only comparisons are counted: memory access, constant factors and recursion depth are not treated (as in

Paper 927).No strong bound is derived: exponential tail bounds that use the shape of the distribution are only named;

here the variance-only bound is derived.Zero occurrences in trials are not taken as absence: that none of  trials at

 exceeded one and a half times the mean does not mean it cannot happen.Relation to earlier papers: Paper

927, in its scope note, did not bound the luck of the random pivot from above and did not claim how small the

probability of running slow is even with a random pivot, only listing trial means; this paper sits in that seat (no earlier

occupant).Paper 927 showed that quicksort with the first element as pivot is slowest on sorted input and that choosing

the pivot at random makes its average cost independent of the input. Here not only the mean but the probability of

departing from it is bounded from above.What is added: computing the mean, variance and third moment exactly by

recursion and checking them against formulas, setting out how standard deviation over mean shrinks, deriving

bounds on exceeding one and a half and two times the mean, comparing the shares in random trials with the bounds,

and placing the separator on “variance alone, or the shape of the distribution”.

1. Notation and the Question

Setting: a list of length  is sorted by quicksort with a pivot chosen uniformly at random. With  the number of

comparisons, when the pivot is the -th element,  (the two independent). From this,

the first three moments are computed exactly by recursion up to . The mean and variance are known to be:

The variance alone bounds the probability of exceeding the mean by  or more (Cantelli’s inequality).

 is set to  times the mean (exceeding one and a half times the mean) and  times the mean (exceeding twice).

Random trials:  at  and  at .

Question: how small can the probability of running slow with a random pivot be asserted to be, and how far is that

assertion from reality?

2. Mean and Variance

Computation 2.1: exact values from the recursion.



mean variance variance sd/mean skewness

For all five , the mean matched its formula within a relative  and the variance within . The limit of

variance  is .

Observation 2.2

the spread grows in proportion to n and shrinks relative to the mean.Variance  rose to ,

approaching its limit , so the standard deviation is nearly proportional to : the mean grows faster

than , so standard deviation over mean shrank from  to . The skewness is positive, with a

long upper tail.

3. Bounds and Reality for Running Slow

Computation 3.1: bounds from Cantelli’s inequality.

bound on exceeding  times the mean bound on exceeding  times

Computation 3.2: random trials.



, trials mean (exact, standard error) variance (exact) exceeding  times

(share)

ratio to

bound
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For both  the trial mean matched the exact mean within three standard errors.

Observation 3.3

the bound can be asserted, but it is far looser than reality.From the variance alone, the probability of

exceeding one and a half times the mean can be asserted to be at most  at , and the bound

fell as  grew: but at  the share that actually exceeded was , only  of the bound. At

 none of  trials exceeded it, which does not mean it cannot happen.

4. The Separator

Observation 4.1

the separator is whether one bounds with the variance alone or looks at the shape of the

distribution.Cantelli’s inequality returns the worst case over all distributions with the same mean and

variance: the number of comparisons in quicksort has a long upper tail (skewness  at ),

but that tail is far thinner than the worst-case distribution, exceeding only  of the bound at 

. Stronger bounds are known to be obtained by using the shape of the distribution.

Observation 4.2

what is not said.How to derive strong bounds using the shape of the distribution, implementation speed, and

the value of the probability of exceeding at  are not treated. What is shown is that the variance

alone gives an exact upper bound on the probability of running slow, and how far that bound lies from the

actual share.



5. Roll Call and Closing

1. recursion for comparisons and Cantelli’s inequality (Section 1): bounds from mean and variance.

2. mean and variance match the formulas (Computation 2.1): variance  is .

3. sd/mean  (Computation 2.1): shrinks with .

4. exceeding  times at most  (Computation 3.1): asserted from variance alone.

5. actual share  of the bound (Computation 3.2): the bound is far looser.

6. variance alone, or the shape of the distribution (Observation 4.1): the separator; the scope note of Paper 927.

Closing: Variance alone bounds the chance that random-pivot quicksort runs slow, but the bound is far looser than

reality.Computing the mean and variance of comparisons exactly by recursion, standard deviation over mean

shrank to  at , and the probability of exceeding one and a half times the mean could be asserted to

be at most : at  the share that actually exceeded was ,  of the bound.The

separator is whether one bounds with the variance alone or looks at the shape of the distribution.Placed among the

earlier papers: the luck of the random pivot, which Paper 927 only listed as trial means, was bounded from above by

the variance, and how loose that bound is was counted.To be honest: strong bounds are not derived. How far the

variance alone lets one assert, and how far that is from reality, and no further.
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